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Abstract. We construct non-uniform convergent lattices I of pinched, negatively curved
Hadamard spaces, in any dimension N > 2. These lattices are exotic, by which we mean
that they have a maximal parabolic subgroup P < T' such that §(P) = §(I"). We also give
examples of divergent, non-uniform exotic lattices in dimension N = 2. Finally, we consider
a particular class of such exotic lattices, with infinite Bowen-Margulis measure and whose
cusps have a particular asymptotic profile (satisfying a “heavy tail condition”), and we give
precise estimates of their orbital function; namely, we show that their orbital function is
lower exponential with asymptotic behavior =< %LR(R), for a slowly varying function L.

1. Introduction

Let I' be a Kleinian group, i.e. a discrete, torsionless group of isometries of a Hadamard
space X of negative, pinched curvature —B? < Ky < —A? < 0, with quotient X = I'\ X.
This paper is concerned with two mutually related problems :

1) The description of the distribution of the orbits of I" on X, namely of fine asymptotic
properties of the orbital function :

ur(x,y; R) == t{y € I'/d(x,7-y) < R}
for x,y € X. This has been the subject of many investigations since Margulis’ [27] (see
Roblin’s book [33] and Babillot’s report on [1] for a clear overview). The motivations to
understand the behavior of the orbital function are numerous : for instance, a simple but
important invariant is its exponential growth rate

or = lim sup L In(vr(x,y; R))
R—o0 R

which has a major dynamical significance, since it coincides with the topological entropy of

the geodesic flow when X is compact, and is related to many interesting rigidity results and

characterization of locally symmetric spaces, cp. [23], [9], [6].

2) The pointwise behavior of Poincaré series associated with T" :

Pr(x,y,s) = Z e sy x) x,y € X
y€eT

at a neighborhood of s = dr, which coincides with its exponent of convergence. The group I'
is said to be convergent if Pr(x,y,dr) < oo, and divergent otherwise. Divergence can also
be understood in terms of dynamics as, by Hopf-Tsuju-Sullivan theorem, it is equivalent to
ergodicity and total conservativity of the geodesic flow with respect to the Bowen-Margulis
measure mr on the unit tangent bundle UX (see again [33] for a complete account and a
definition of mr).

The regularity of the asymptotic behavior of vr, in full generality, is well expressed in
Roblin’s results, which trace back to Margulis’ work in the compact case :

THEOREM 1.1 (Margulis [27] - Roblin [32], [33]).
Let X be a Hadamard manifold with pinched negative curvature and I' a non elementary,
discrete subgroup of isometries of X with non-arithmetic length spectrum !, then the expo-
nential growth rate dr is a true limit and one gets :

(1) if |[mr|| = oo then vr(x,y; R) = o(e’r ),

(2) if |mr]| < oo, then vr(x,y; R) ~ Ug=filldleor

or|lmr]]|
where (px)xex denotes the family of Patterson conformal densities of I', and mr the Bowen-
Margulis measure on UX.

1. It means that the set £(X) = {£(y) ; v € T'} of lengths of all closed geodesics of X = I'\X is not
contained in a discrete subgroup of R
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Here, f ~ g means that f(¢)/g(t) — 1 when t — oo; we will write f < g when
L < f(t)/g(t) < cfor ¢ > 1 and t > 0 (or just f<g when the constant ¢ is not speci-
fied). The best asymptotic regularity to be expected is the existence of an equivalent, as in
(ii) ; an explicit computation of the second term in the asymptotic development of vr is a
difficult question for locally symmetric spaces (and almost a hopeless question in the general
Riemannian setting).

Theorem 1.1 shows that the key assumption for a regular behavior of vr is that the
Bowen-Margulis measure mr is finite. This condition is clearly satisfied for uniform lattices
I' (i.e. when X = X/T is compact), and more generally for groups I' such that mr has
compact support (e.g., conver cocompact groups), but it may fail for nonuniform lattices,
that is when X = X/I has finite volume but is not compact.

The finiteness of mr has a nice geometrical description in the case of geometrically
finite groups. Recall that any orbit I" - x accumulates on a closed subset Ar of the geometric
boundary dX of X, called the limit set of T'; the group I' (or the quotient manifold X) is said
to be geometrically finite if Ar decomposes in the set of radial limit points (the limit points
& which are approached by orbit points in the M-neighborhood of any given ray issued from
&, for some M < o00) and the set of bounded parabolic points (those £ fixed by some parabolic
subgroup P acting cocompactly on 90X \ {¢}) ; for a complete study of geometrical finiteness
in variable negative curvature see [12] and Proposition 1.10 in [33], and for a description
of their topology at infinity see [15]. A finite-volume manifold X is a particular case of
geometrically finite manifold : it can be decomposed into a compact set and finitely many
cusps C;, i.e. topological ends of X of finite volume which are quotients of a horoball He,
centered at a bounded parabolic point &; € X by a maximal parabolic subgroup P; C T’
fixing &;.

The principle ruling the regularity of the orbital function vr of nonuniform lattices, as
pointed out in [13] and in the following papers of the authors [16], [17], [18], is that the
orbital functions vp, (defined in a similar way as vr) capture the relevant information on
the wildness of the metric inside the cusps, which in turn may imply ||mr|| = oo and the
irregularity of vp. In this regard, distinctive properties of the group I' and of its maximal
parabolic subgroups P; are their type (convergent or divergent, as defined above) and the
critical gap property (CGP), i.e. if §p, < or for all i. Actually, in [13] it is proved that, for
geometrically finite groups I', the divergence of P; implies dp, < ér, and that the critical
gap property implies that the group T' is divergent, with ||mr|| < co. On the other hand
there exist geometrically finite groups I' which do not satisfy the CGP : we call such groups
erotic, and we say that a cusp is dominant if it is associated to a parabolic subgroup P with
dp = dr. Geometrically finite, exotic groups may as well be convergent or divergent : in the
first case, they always have |mr| = oo (by Poincaré recurrence and Hopf-Tsuju-Sullivan
theorem, as ||mr|| < co implies total conservativity) ; in the second case, in [13] it is proved
that the finiteness of mr depends on the convergence of the first moment series

Z d(z, pr)eord@Pr) < 4 oo,
pPEP;

The main aim of this paper is to present examples of lattices I' for which vr has an
irregular asymptotic behavior. According to our discussion, we will then focus on exotic,
non-uniform lattices. The convergence property of exotic lattices is an interesting question
on its own : while uniform lattices (as well as convex-cocompact groups) always are divergent,
the only known examples of convergent groups, to the best of our knowledge, are given in [13]
and have infinite covolume. The first result of the paper is to show that both convergent and
divergent exotic lattices do exist. Actually, in Section 3, by a variation of the construction
in [13] we obtain :

THEOREM 1.2. For any N > 2, there exist N-dimensional, finite volume manifolds of
pinched negative curvature whose fundamental group T is (exotic and) convergent.

Constructing exotic, divergent lattices is more subtle. We prove in Section 5 :
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THEOREM 1.3. There exist non compact finite area surfaces of pinched negative curva-
ture whose group I" is exotic and divergent.

We stress the fact that the examples of Theorem 1.2 have infinite Bowen-Margulis measure ;
on the other hand, the surfaces of Theorem 1.3 can have finite or infinite Bowen-Margulis
measure, according to the prescribed behaviour of the metric in the cusps. Moreover, we
believe that the assumption on the dimension in Theorem 1.3 is just technical, but at present
we are not able to construct similar examples in dimension N > 3.

Finally, in Section 6 we address the initial question about how irregular the orbital
function can be, giving estimates for the orbital function of a large family of exotic lattices
with infinite Bowen-Margulis measure :

THEOREM 1.4. Let k €]1/2,1[. There exist non compact finite area surfaces with pinched
negative curvature whose fundamental group T' satisfies the following asymptotic property :

for any x,y € X
eérR
ur (X, Y; R) = m as R — +OO

for some slowly varying function® L : Rt — R*.

In Section 6 we give a general, but more technical, result on the orbital function of divergent
exotic lattices whose cusps have a asymptotic profile satisfying a “heavy tail condition”
(see Theorem 6.1 and conditions Hy — H3). As far as we know, except for some precise
asymptotic formulas established by Pollicott and Sharp [31] for the orbital function of
normal subgroups I' of a cocompact Kleinian group (hence, groups which are far from being
geometrically finite or with finite Bowen-Margulis measure), these are the only examples of
such precise asymptotic behavior for the orbital function of Kleinian groups with infinite
Bowen-Margulis measure.

Remark. This work should be considered as a companion paper to [16] & [18], where we
study the asymptotic properties of the integral version of vr, i.e. the growth function of X :

vx (x; R) := volx (B(x, R)).

In [18], we obtain optimal conditions on the geometry on the cusps in order that there exists
a Margulis function, that is a I-invariant function ¢ : X — R* such that

vx(x; R) ~ c(x)e**®  for R — 400

where wx is the exponential growth rate of the function vx (the integral analogue of dr).
Notice that wx can be different from dr, also for (non uniform) lattices, as we showed in [186].

2. Geometry of negatively curved manifolds with finite volume

2.1. Landscape. Additionally to those given in the introduction, we present here no-
tations and familiar results about negatively curved manifolds. Amongst good references we
suggest [7], [20], [4] and, more specifically related to this work, [24] and [16].
In the sequel, X = X/I" is a N-dimensional complete connected Riemannian manifold with
metric ¢ whose sectional curvatures satisfy : —B? < Kx < —A? < 0 for fixed constants
A and B; we will assume 0 < A < 1 < B since in most examples g will be obtained by
perturbation of a hyperbolic one and the curvature will equal —1 on large subsets of X.

The family of normalized distance functions :
d(xg,x) — d(x,-)
converges uniformly on compacts to the Busemann function Be(xg,-) for x — £ € 0X.

The horoballs He (resp. the horospheres 0H¢) centered at £ are the sup-level sets (resp. the

2. A function L(t) is said to be ”slowly varying” or ”of slow growth” if it is positive, measurable and
L(\t)/L(t) — 1 as t — 400 for every X > 0.
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level sets) of the function Be(xg, ). Given a horosphere 91, passing through a point x, we
also set, for all t € R,

Hf(t) = {y/Bf(XOa Y) > BE(X()’X) + t}
resp. OHe(t) := {y/Be(x0,y) = Be(x0,%x) +t}. We will refer to t = Be(xo,y) — Be(xo, %) as
to the height of y (or of the horosphere 9H¢(t)) in He. Also, when no confusion is possible,
we will drop the index £ € 90X denoting the center of the horoball. Recall that the Busemann
function satisfies the fundamental cocycle relation

Be(x,2) = Be(x,y) + Be(y, 2)
which will be crucial in the following.

An origin xg € X being fixed, the Gromov product between z,y € 90X = S* !,
x # y, is defined as
B.(x0,2z) + By(x0,2)
(I|y)x0 = . 2 .
where z is any point on the geodesic (x,%) joining x to y; then, for any 0 < k? < A? the
expression

D(z,y) = e~ (ElY)xg
defines a distance on X, cp [10]. Recall that for any v € T one gets

(1) D('y “X, Y- y) — e—%Bm(771~x0,x0)e—%By(771~x07x0)D(x’ y).

In other words, the isometry « acts on (0X, D) as a conformal transformation with coefficient

of conformality |v'(z)| = e~rBa(v""x0%0) at . since equality (1) may be rewritten

(2) D(y-z),y-y) = VIV @) ()| D(x,y).

Recall that I' is a torsion free nonuniform lattice acting on X by hyperbolic or pa-
rabolic isometries. For any & € 0X, denote by (1¢:)i>0 the radial semi-flow defined as
follows : for any x € X, the point )¢ +(x) lies on the geodesic ray [x, ) at distance ¢ from x.
By classical comparison theorems on Jacobi fields (see for instance [24]), the differential of
Ver : OHe — OHe(t) satisfies e B ||v|| < [|dibe.+(v)]| < e=A||v|| for any ¢ > 0 and any vector
v in the tangent space T'(0MH¢); consequently, if p; is the Riemannian measure induced on
OH¢(t) by the metric of X, we have, for any Borel set F' C 0H,

e PN D0(F) < (W (F)) = /F [Jac(e) (0)ldpo () < e o (F).

As X =T\ X is non compact and vol(X) < oo, the manifold X can be decomposed into
a disjoint union of a relatively compact subset K and finitely many cusps Cy, ...,C;, each of
which is a quotient of a horoball He,, centered at some boundary point &;, by a maximal
parabolic subgroup P;. As a consequence of Margulis’ lemma, we can choose the family
(He,)1<i<i so that any two I'-translates of the He, are either disjoint or coincide (cp. [33],
Proposition 1.10) ; we call these He, a fundamental system of horospheres for X. Accordingly,
the Dirichlet domain D of I centered at the base point xy can be decomposed into a disjoint
union D = KUC,U---UC;, where K is a convex, relatively compact set containing x in its
interior and projecting to K, and the C; are connected fundamental domains for the action of
P; on Hg,, projecting to Ci. Welet S; =Dn OHe, be the corresponding, relatively compact
fundamental domain for the action of P; on 0He,, so that C; = DNHe, ~S; x Ry.

Fixing an end C, and omitting in what follows the index i, let u; be the Riemannian
measure induced by the Riemannian metric on the horosphere 0H¢(t) corresponding to C.
In [16] we defined the horospherical area function associated with the cusp C as :

A(t) = pu(P\OHe (1)) = (e 1(S))-
This function depends on the choice of the initial horosphere 0H¢ for the end C, and the
following result shows that this dependance is unessential for our counting problem :
PROPOSITION 2.1. [16] There exists a constant ¢ = c(A, B,diam(S)) such that
1
A(%)

vp(R) =
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This weak equivalence is the key to relate the irregularity of the metric in the cusp to the
irregular asymptotic behaviour of the orbital function of P. The second crucial step of our
work will then be to describe precisely the contribution of vp in the asymptotic behavior of
vr assuming dp = dr.

2.2. Cuspidal geometry. The strategy to construct examples with irregular orbital
functions as in Theorems 1.2, 1.3 and 1.4 is to perturb in a suitable manner the metric of a
finite volume hyperbolic manifold T\H” in a cuspidal end P\H. If H = {y/B¢(x0,y) > to},
the hyperbolic metric writes on H ~ 0H x Ry = RN x R, as g = e~ ¢~%0)dx? + dt? in the
horospherical coordinates y = (x,t), where dx? denotes the induced flat Riemannian metric
of OH and t = Be¢(xo,y) — to. We will consider a new metric g in P\, whose lift to H
writes, in the same coordinates, as

g = 72(t)dx? + dt>.

We extend this metric by I'-invariance to I'H and produce a new Hadamard space (X, g)
with quotient X = I'\ X. The new manifold X has again finite volume, provided that

+o00
/ TNl (t)dt < oo
0

and the end C = P\H is a new cusp ; we call the function 7 the analytic profile of the cusp C.

The horospherical area function A associated with the profile 7 satisfies A < 7V~1; by
Proposition 2.1, it implies that :

1
(a) the parabolic group P has critical exponent dp = %, for w, := limsup —|In(7(R))|,

R—+o00
+o0 e—w.r(N—l)t
(b) P is convergent if and only if / —~N 1 dt < oo
0 T™N=1(1) ,
Also, notice that the sectional curvatures at (x,t) are given by K(X,t)(az , %) = — (T?/)
z J

"

and K(x,t)(a%i’ %) = —Z- (see [5]).

T

In Sections 4, 5 and 6 we will apply this strategy to prescribe curvature and analy-
tic profiles 7 at certain depths, depending on additional real parameters a, b, 7, defined as
follows.

For any convex function 7 : R — R with f0+°° 77~ 1(t)dt < co and satisfying the conditions

(3) Vi<ty 7(t)=e (7%

(4) A<7"/T<B

(5) w; = limsup [In(r(®))] < B
t—+00 t

we will set, a > tg

To(t) = e *7(t —a) forteR.
This profile defines a manifold X with a cusp C which is hyperbolic at height less than a
and then has (renormalized) profile equal to 7.
Moreover, given parameters a > tg, b > 0 and n €]0, A[, a straightforward calculus proves
the existence of a profile 7, , such that

A-n< T;/,b,n(t)/Ta,b,n(t) <B+n for all ¢,
Tapn(t) = e for t<a,
Tapn(t) = e @t for te[A+a,A+a+1],

Tapn(t) = e”GATaF0r(t — (2A +a +b)) for t>2A+a+0.

for some constant A = A(A4, B,n) > 0. The function 7.y, defines a cusp C which is
hyperbolic till height a, with constant curvature —w? in a band of width b at height A + a,
and which then has asymptotic (suitable renormalized) profile 7 after height 2A + a + b.



3. Proof of Theorem 1.2 : construction of convergent lattices

An example of manifold of negative curvature with infinite volume and whose funda-
mental group is convergent is due to Dal’Bo-Otal-Peigné [13]. We propose in this Section a
variation of their argument to produce a convergent nonuniform lattice. We will consider a
finite volume hyperbolic manifold D\HY with one cuspidal end P\H and deform the metric
in this end as explained before to obtain a new Hadamard space (X, g) such that the quotient

X = I'\X has finite volume and a dominant cusp C = P\'H with a convergent parabolic
group P, whose exponent dp :

(1) is greater than the Poincaré exponent of I' acting on H”, that is N — 1;

(2) equals the Poincaré exponent or of ' corresponding to the new metric.
. . . e . N—-1w,
For this, we choose 7 satisfying the conditions (3), (4), (5) with dp = % > (N -1)

and f0+oo Ej(;)(#dt < 00, and we consider the profile 7, for some a > 0 to be precised.

Remark that the first condition can be satisfied only if w, > 2 which requires B?/A? > 4.
We will denote by d the distance on (X, g) corresponding to this new metric, and by dy
the hyperbolic distance. We emphasize that the perturbation of the metric will not change
neither the algebraic structure of the groups I" and P, nor the horospheres H(t) (which are
only modified in size and not as subsets of H") and their radial flow ; however, the orbital
function has different behavior before and after perturbation.

Now, we need to introduce a natural decomposition of geodesic segments according to
their excursions in the cusp, which will enable us to encode elements of I' by sequences
of parabolic elements travelling far in the cusp and elements staying in a fixed, compact
subset. We use the same notations as in 2.1 for the compact subset I, the fundamental
horosphere H = He¢, of X, and the Borel fundamental domain S be for the action of P on 0H.
Let h > ¢ = diam(K) : for every v € T, the geodesic segment [xg, v - Xo] intersects r = r(7)
disjoint translates g.H(h) (with the convention r = 0 if the interSection with J,cr g.H(h)

is empty). In case r > 1, denote by z] ,--- ,z. (resp. z], -+ ,z]) the hitting (resp. exit)

» Hr

points of the oriented geodesic segment [xg,7 - Xo] with translates of H(h) in this order.
Hence we get

0,7 %] 1 (U9~H<h>> oz ) U Ular, 2.
gelr

Accordingly, when r > 1 we can define the points y;,yj -y, ,y; on [xo,9 - Xo] such

that, for any 1 < i < r, the geodesic segment [y;,y; | is the connected component of

[Xo0,7 - Xo] N (Ugerg . ’H) containing [z; ,z; ]. We also set yj =xo and y,; =~ - Xo.

With these notations, there exist uniquely determined isometries g¢i,---,9- € I' and
pi,--,pr € Posuch that y; € g1-S, vy € gip1 - S,y € gip1---gopr - S. Finally,
we define g,11 by the relation

Y = 91P1 " GrPrGr+1
which we call the horospherical decomposition of v at height h. Notice that this decomposition
depends only on the initial hyperbolic metric. We also set xg = X0,X,4; = 7 Xo and
X, =g1p1° " Gi ~Xo,xi+ = g1p1 - gipi - Xo for 1 < i <r. We then have :

LEMMA 3.1. Let y=gip1 - - - prgrs1 be the horospherical decomposition of v at height h :
(i) for every i € {1,--- 7 + 1} the geodesic segments [x;,,x; | and [xo, gi - Xo) lie outside
the set U er 9-H(h + 2¢), for ¢ = diam(K) ;
(i) for every i € {1,--- ,r} the geodesic segments [Xo, p;-Xo| have length greater than 2(h—c)
and intersect the set |J,ep 9. H(h — c).

Proof. Assume 7 > 1 and fix 1 <4 < r+1. By construction, each geodesic segment [y;” ,y; ]
lies outside |, g.H(h). Then, each segment [x;”,,x; | lies outside Uger 9-H(h + 2¢) since
d(x; |,y ;) and d(x;,y; ) are both smaller than c. Since [x; |, x; ] = gip1 - gi—1Pi—1 -
(%0, 9i - o] and the set |J,cp 9. H(h + 2¢) is I-invariant, the same holds for the segment
[X0, gi - Xo]. To prove statement (2), notice that the segment [y; ,y;] intersects the set
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Uger 9-H(h) and has endpoints in OH, so that d(y; yi) > 2h; one concludes using the facts
that d(x;,y; ) and d(x;,y;") are both smaller than ¢ and that [x; ,x;] = g1p1 - Di_19i -
X0, pi - Xo]. o

Moreover, the distance function is almost additive, with respect to this decomposition :

LEMMA 3.2. There exists a constant C' > 0 such that for all v € T with horospherical
decomposition y=g1p1 - - grPrGr+1 6t height h :

r+1 r
d(x0,7 - X0) = > d(x0,9i - X0) + »_ d(x0,pi - X0) — rC.
=1 =1

Proof. With the above notations one gets, for C := 4diam(K)

r+1 r
d(xo, v %0) = > dyl,y;)+ > dy,y))
=1 =1
r+1 r
> STt yx) + S dix; xi) — 4rdiam(K)
=1 =1
r+1 7

= > d(x0,9i-%0) + »_d(x0,pi - X0) =rC. O

=1 =1

Now assume h > ¢ = diam(K) and a = h+2c. Set 'y, = {y € T'/[x0, 7-x0]Ng. H(h + 2¢) =
§ for all g € T'} and P, = {p € P/d(x0,p - x0) > 2(h —¢)}. Let v € T with horospherical
decomposition v =g¢1p1 - - - grPrgr+1 at height h. By Lemma 3.1 (i), the geodesic segments
(%0, 9i - X0, 1 < i <7+ 1, stay outside ,cp g - H(h + 2¢), thus outside the set where the
metric is perturbed, so that g; € T, and d(xo, g; - X0) = do(Xo0, g; - Xo). Similarly, p; € P, by
Lemma 3.1 (7). Consequently, the Poincaré series of I' for the perturbed metric is

PF(XO 5) < Z eféd(xo»'wa)_‘_ Z eféd(xow»xo)_’_z Z 676d(x0791171“'grprgr+1~xt))

yel'y peEP, r>1 g1, ,9,41€Ty
Pl prEP)
T
< E e—5d0(xo,’v~XO)+ § :e—5d(XO,p~xo)+§ eC5§ e 9d(x0,9-%0) E e~ 9d(x0,p-x0)
~yerl pEP, r>1 geTly pEPy,
<

T
Ze*&io(xo,%xo) + Z e*5d(xoap‘xo) +Z (605 Ze*t;do(xoa’v'xo) Z e5d(xoyp'xo))

~el pEP, r>1 ~ell pEP,

For § = dp the term Zeiédo(xoﬁ'xo) < 400 since dp > N — 1. On the other hand,
vel
Z e 94x0:PX0) tends to 0 as h — +0o (we emphasize that each term e~ 040x0.P%0) Jepends

pEP,
on a = h + 2¢). Indeed, by Proposition 2.1,

Z 6_5Pd(x07p-x0) = Z 6_5n'UP(n) = j n
peEP, n>2(h—c) n>2(h—c) a(3)
+o0 efdu +o00 e—ou
= uidu = €a(N71)/ uidu
/2(hc) Ta(5)N ! 2(h—c) (5 —a)N -1
R(N—1-25)

= e
with 6 > N — 1. We may thus choose a large enough so that
Cor Zeftbdo(xoﬁ'xo) Z e~ 0Pd(x0,px0) ~
yel pEP,

which readily implies Pr(xg,dp) < 400, hence dp > dr. As P is a subgroup of I, this implies
that p = dr, hence I is a convergent group. |



4. Critical gap property versus divergence

In this Section we start constructing a hyperbolic lattice I' of H? which is genera-
ted by suitable parabolic isometries, so that the resulting surface I'\H? has finite volume.
In the disk model of the hyperbolic plane, we choose r > 2 and 2r boundary points
£ =1n0,61,m1, -, &mmr = & of S1 = OB? in cyclic order, and consider (uniquely deter-
mined) parabolic isometries py,--- ,p, such that for 1 < 4 < r we have p; - & = & and
i - Mi—1 = 1;. We remark that all n; belong to the I' orbit of the point 79, which is a
parabolic fixed point of the isometry pg : = pypr_1- - p1.

PrROPERTY 4.1. The group I' = {p1,--- ,p,) is a free non abelian group over p1,--- ,py.
The quotient T\B? is a finite surface with r + 1 cuspidal ends, with a cusp C; for each para-
bolic subgroup P; = (p;) fori = 1,..,7, and another cusp Cy corresponding to the parabolic
subgroup Py = (po) fizing &o.

Each element v € T'\ {Id} can be written in a unique way as a word with letters in the
alphabet A := {plil, -+, pF'}; namely, one gets

with p;, Sy p;: € A, n > 1 and with adjacent letters which are not inverse to each other.
Such expression with respect to the natural (but not canonical) choice of the alphabet A

is called a coding of elements of I'. We will call j; is the first index of -y, denoted by ¢ ;
similarly j, the last index and is denoted by .

4.1. A new coding for elements of I'. We code here the elements of I' by blocks, with
some admissibility rules to be precised. This new coding is designed to obtain a contrac-
tion property for an operator that will be introduced and studied in the next Sections
whose restriction to some suitable space of functions present remarkable spectral properties.
We first rewrite the decomposition (6) as follows

(7) Y= Pipi i
with m > 1,41,--+ 4y € Z* and 45 # 4541 for 1 < j < m. When all the £;,1 < j < m,

belong to {£1}, one says that v is a level 1 word; the set of such words is denoted by Wj.
Then, we select all the £;,1 < j < m, with |{;| > 2 and write 7 as

(8) v =P Q1P Qs 'pé-];:llepé-’;
for k£ > 0, with :

o Il k1] > 2,

o lol, [lk] #1,

e cach Q) is either empty or a level 1 word, with ig, # ji—1 and lg, # Jji.
The decomposition by blocks (8) is still unique; it only uses letters from the new alphabet

B:=P,U---UP. UW,

where P; := {p}'/|n| > 2} for 1 < i < r, possibly with pi‘; =1or pi: = 1. Notice that this
decomposition does not depend on the metric, but only on the presentation chosen for I.
We will call blocks the letters of this new alphabet, and say that a word Sy --- 8, in the
alphabet B is admissible if the last letter of any block §; is different from the first one of
Bit1 for 1 < i < m — 1. So, any v € "\ {Id} can be written as a finite, admissible word
b1+ Bm on B; the ordered sequence of the S;’s is called the B-decomposition of v and
the number m of blocks is denoted by |v|x. Finally, we denote by X the set of all finite
admissible words with respect to 8.

4.2. A new metric in the cusps. We consider a fundamental system of horoballs
Ho, H1, Ha, -+, H, centered respectively at the parabolic points &y, &1, &2, -+ , & and such
that all the horoballs v - H;, for vy € I';0 < ¢ < r, are disjoint or coincide, as in Section 2.1.
Then, we modify the hyperbolic metric in the cuspidal ends C; = P;\H; as follows.
We choose positive constants ag, a1, ,a,_1,a.,0 and n, functions 9, 71, ,7—1 and 7
as in Section 2.2 such that

Wr, = max(wTO,- e aw‘l'r) >1

r
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and we prescribe the profile 7; o, for the i-th cusp C; for 0 < i < r —1, and the profile
Tr.a, b ON the last dominant cusp C, = C. This yields a new surface X = (B2, gay.... .ap.b)5
with quotient X = I'\ X of finite area. Since the metric on X depends, in particular, on the
value of the parameter b, which will play a crucial role in what follows, we shall denote the
induced distances on X, 9X = S! and the conformal factor respectively by dp, Dy, and |- |, ;
on the other hand, we shall omit the index b in the Busemann function and in the Gromov
product, to simplify notations. The dependence of D; on the parameter b is described by
the following lemma, whose proof can be found in [30] :

LEMMA 4.2. Let by > 0 be fized. There exists ¢ > 1 and o €]0,1] such that the family
of distances (Dp)o<b<b,, are Holder equivalent ; namely for all b € [0,by] we have

1 _1/a
=Dy < Dy < eD§.
C

4.3. Ping-pong by blocks. For any 1 < i < r, we consider the sub-arcs I; := [n;—1, ]
and I} := [p; Yomi_1,pi - mi) of S' containing &;. There exists a ping-pong dynamic between
these intervals : namely, for any block 8 € 9B, we have

o if B Wi, then B-1I; C I, for any i # I

o if e P withl=1ig=Ig, then 8-1I; C I] for any ¢ # .

Moreover, for any v with B-decomposition i - - - B, we define a compact subset K. C S!
as follows :

o K,= Ui;élA,Iz{, if B, € W1

o K, =Up I, if By € P with [ =1,.

Then, using the fact that the closure of the sets I] and X \ I; are disjoint, one gets :

LEMMA 4.3. There exists a constant C = C(A,n) > 0 such that

dy(x0,7 - X0) — C < Bo(y ™" - x0,%0) < dy(x0,7 - Xo)
for any v € I' and any x € K
which yield to the

COROLLARY 4.4. There exist a real number v €]0,1[ and a constant C > 0 such that
for any v € T with length |y|s = k, one gets

Vo € K, 1Y (2)]o < Cr*.
Proof. See Prop.2.2 in [3].

4.4. Coding for the limit points. An infinite word on the alphabet B, i.e. an infinite
sequence 3 = (Bn)n>1 of elements of B is called admissible if any finite subword Sy - - - By, is
admissible ; the set of such words is denoted by E;. Corollary 4.4 implies in particular the
following fundamental fact :

B LEMMA 4.5. For any 3 € E%, the sequence (81 -+ Bn - Xo)n>0 converges to some point
m(8) € 0X ; the map w : E,; — 0X is one-to-one, and its image W(E%) coincides with the

subset 9o X = 90X \ (UZ:1 r-&ur- Wl) where Wi := W), - x0 N 0X.
Notice that, if v has B-decomposition by - - - by,, then the subset K, defined in 4.3 is the
closure of the subset corresponding, via the coding map , to the the infinite sequences
B = (Bn)n>1 such that the concatenation vy * = (by - bpfB1---Bi--+) is admissible.
We also set J, := Cl{n(y* ) | B € K,}, that is the closure of points corresponding

to admissible sequences obtained by concatenation with the 8B-decomposition of ~.

As indicated previously, this coding by blocks is of interest since the classical shift
operator on Z% induces locally, exponentially expanding maps 7™ on 0y X ; the map T,
described for instance in details in [14], has countably many inverse branches, each of them
acting by contraction on some subset of 0X. Namely, we consider on E% the natural shift
0 defined by

0(B) = (Br+1)rz>1, VB = (Br)rx>1 € T
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This map induces a transformation T : g X — 9y X via the coding 7 ; moreover, T' can be
extended to the whole X by setting, for any v with B-decomposition v = 17 - - - v, and

fe{, - &u

T(v.) =72 Tk

and T'(§) := £. Then, for every block 5 € 9B, the restriction of T to Js is the action by
B~ by the dynamic described above, the inverse branches of the map T have the following

property

PROPERTY 4.6. There exist 0 < r < 1 and a constant C > 0 such that, for any v € T’
with |yl =k and for z,y € K., we have

Do(7y - 2,7 y) < Cr¥Dy(z,y).

This property is crucial for the investigation of the spectral properties of the transfer
operator, which will be introduced in the next Section.

5. Existence of divergent exotic lattices

This Section is devoted to prove Theorem 1.3 : there exist two dimensional exotic and
divergent lattices. Existence of infinite covolume exotic and divergent discrete groups has
already been provided in [30], by the following procedure.

Given a Schottky group I' =< h,p >C Isom™ (H") with h hyperbolic and p parabolic,
one fixes an horoball H( centered at the fixed point of p, hence a neighborhood < p > \Hg of
the cusp associated with p. Then, one chooses a profile 7 which does not modify the critical
exponent 0,y of (p) and makes the group I' a convergent lattice of a new manifold X. It can
then be shown that there exists a critical value a* such that

(1) for any a > a* the metric perturbed by 7, in the cusp (more explicitely the metric
whose profile is 7 beyond the height a - see again Section 2.2) makes " non exotic,
hence divergent,

(2) the one given by 7, makes I' exotic and divergent.

In the first case, the divergence comes from the contribution of elements of I'. C I" corres-
ponding to geodesic loops staying at height less than a in the cusp, which is preponderant
in the value of the Poincaré series of I" since d,y is strictly less than the critical exponent of
I' C Isom™ (H").

Here, we adapt this approach to obtain a discrete group I" with finite covolume, in
dimension 2. We start from the surface X = I'\X with 7 + 1 cusps described in 4.2, with
a dominant cusp C, = P.\H, and make I' convergent by choosing ag, ...,a, > 0, as in
Theorem 1.2. Besides a different coding by blocks (due to the generators which are all
parabolic) which gives a slightly different expression for the transfer operator associated to
T", the main difficulty here is to show that I' can be made divergent. This cannot be achieved
now by simply pushing the perturbation far away in the cusp, since in our case dp, is strictly
greater than the critical exponent of the subset I', of elements staying in the compact, non-
perturbed part; so, even choosing the a; > 0, the group I' remains convergent ! To obtain
the divergence we rather modify C, with a profile Tr,a,,b Which equals the profile of a cusp
with constant curvature metric —w? on a sufficiently large band of width b > 0. With those

Tr

conventions, we will prove the existence of b* such that :
(1) T with the metric perturbed by 7, is non exotic and divergent for every b > b*,
(2) T with the metric perturbed by 7,4~ is exotic and still divergent.

The approach to obtain the existence of the critical value b* is to consider a family of
transfer operators (Lp .)p,» associated with the transformation 7', the latter being described
at the end of Section 4 and depending on b. The continuity of b — L4, and b — p(Ls,2)
where p(Ly, ) is the spectral radius of £, in some suitable functional Banach space is a
key point of the approach.
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5.1. On the spectrum of transfer operators. The map T encodes a large part
of the action of the group I' on 9y X ; from an analytic point of view, this dynamic may
be described throughout the family (L .)s, . of transfer operators associated with T', which
takes into account the different inverse branches of T and is defined formally by : for any
Borel bounded function ¢ : 0X — R and any =z € §p X

(9) Loop(x) = Y e Wy,
y/Ty=x

for a ”ceiling” function € to be defined. The function € will depend on the metric gq,.... .a,.b
and especially on the width b of the band inside the cusp C, where the curvature is prescribed
to be —w?; we will need to understand precisely the dependence of £, ; with respect to b
and thus notice the ceiling function €;, and its corresponding transfer operator L ..

The alphabet B being countable, the pre-images of x € 9y X by T are the points y = -z,
for those blocks 3 € B such that x belongs to K, that is :

o ifzellthenpe Uj#ﬁj or B € Wy with lg # 1,

o ifzxel \ Iz/ then 8 € Uj;éiﬁj.
For such y = 8 - x, the quantity €,(y) is given by

(10) C(y) := Bﬁ’Ly(ﬂil " X0,X0) = Bm(ﬁfl “ X0, X0)

(where B is the Busemann function with respect to the metric g = gy, ,a,.,5). By Lemma
4.3, the quantity B, (87! - xq,%o) differs from d(8~! - x¢,%g) by a term which is bounded

uniformly in § € B and z € Kpg, this will allow us to compare the sum Z/fg’sl(as) with

k>0
the Poincaré series Pr(Xg,Xo,$) = g e 5401 %0) ~ E E e~ 5d0x0,7%0)
~el’ k>0 ~er
|v|s =k

We can now make explicit the definition of transfer operators £ ., extending formula
(9) for any x € 9X : for b > 0,z € C, any bounded Borel function ¢ : X — C and any
x € 0X we set

(11) Lo.p(x) = g, (x)e 2B x0x0) (3. ),
BesB

In other words, Ly .¢(z) = >_scm Wo,2(B,2)@(B - ¥) where the wp .(7,") : 0X - C,2 € C
and v € I' are defined by

wh 2 (7,7) = 1, (w)e Bl x0x0)

and called weight functions. Observe now that these functions satisfy the cocycle relation :
if the B-decomposition of v = =172 is given by the simple concatenation ~; * o of the ~;,
Le. [7172ls = [nls + [12|s, then

wy - (1172, T) = W2 (71,72 - T) - Wp, 2 (Y2, T).

This equality leads to the following simple expression of the iterates of the transfer operators :
for any k> 1 and x € 0X

(12)  Lip@ = Y wena)ely-a)= Y Lk, (@)e 0T 0% p(y a),
yeT yeT
[vlm =k v =k

The operator Ly, , is well defined when Re(z) > §, and also for Re(z) = ¢ if I' is convergent.
It acts on the space C(90X) of C-valued continuous functions on 9X endowed with the norm
| - oo of the uniform convergence; however, to obtain a quasi-compact operator with good
spectral properties, we will consider its restriction to a subspace L, C C(9X) of Holder
continuous functions with respect to Dy, for « given by Lemma 4.2. Namely we let

Lo = {¢ € C(0X) : [loll = |¢loo + [¢la < +00}

where [p], := sup le(@) = e(y)|

z,y€dX Dg‘(ac,y)
T#Y

; then, Ly, . acts on L, because of the following
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LEMMA 5.1. Each weight wy .(v,-) belongs to L, and for any z € C, there exists
C = C(z) > 0 such that for any v € T

[~ (7, )| < Ce=Re(2)ds(xo7x0).

Proof. By Lemma 4.3, the family {e®(*)4(©79) |y (5, )|o0, v € T'} is bounded. The control
of the Lipschitz-coefficient of wy . (7, .) is more delicate, we first recall briefly the proof in
the constant curvature case and refer Lemma II1.3 in [3] in variable curvature. To estimate
wy, (7, ) — wp - (7Y, y) for any points z,y belonging to the same subset K, note that there
exists a constant A > 0 such that |B,(y™! - x0,%0) — By(y™ ! - x0,%0)| < Alz — y|. The
inequality |eZ — 1| < 2|Z[e!®(@)] readily implies

|e=B= (0" x0x0) _ =Bz (v x0,%0) | < 9 A|z|e AR XIe vl g=R(2)Br (v x0.%0) | _ ).

So, the Holder coefficient of w, (7, .) satisfies [w.(7,.)]a < Ce™R(Z)4©7:9) for some constant
C=0C(z).0

The following theorem plays a key rule in the sequel ; it allows us to control the spectrum
of the operators L, s for real parameters b > 0 and s > § := w, /2.

THEOREM 5.2. For any b > 0 and s > 0 = w,;/2, the operator Ly s acts both on
(C(0X),| - |oo) and (Lq, | - ||), with respective spectral radius poo(Lp,s) and po(Lps). Fur-
thermore, the operator Ly s is quasi-compact® on Ly, and :

(1) pa(‘cb.ﬁ) = poo(ﬁb,s)y
o pa(Lps) is a simple, isolated eigenvalue of Ly s,
o the eigenfunction hy, s associated with po(Lps) is non negative on 8X,

(2) For any s > 6, the map b+ Ly 5 is continuous from Rt to the space of continuous
linear operators on L,

(8) The map s+ poo(Ls,s) is decreasing on [0, +ool.

Sketch of the proof. We follow Sections 4.3 and 4.4 in [30]. The key argument is the
following inequality : for any 8 € B,z,y € Kg,s >dand k > 1

LE (@) — L o)) < D wa(y2)le(y-z) — o(v - y)|
\“/Iirzk
+ D fwns(1,2) = whs (1, 9)] X [#locs

~er
[v]s =k

so that, by Corollary 4.4, there exists sequences (r)r and (Rg)x such that

(13) I1£8 sl < rillell + Rel@lo
/k

with lim sup r,lc
k—+o00
Marinescu’s theorem concerning quasi-compact operators, we conclude that the essential
spectral radius of £y s on L, is less than rp.(Lp,s). The control of the peripheral spectrum
of Ly s in L, is based on the positivity of this family of operators, as in [30] ; similarly, one

adapts the proof of Proposition 4.7 in [30] to establish assertion (2). Proof of (3) is direct.O

< 7|Lps|oo. Using a version due to H. Hennion of the Ionescu-Tulcea-

REMARK. 5.3. Let Pbs = poo(ﬁb,s)- Then, ['b,shb,s = Pb,shb,s, the function hb,s being
unique up to a multiplicative constant. By duality, there also exists a unique probability
measure o, s on 0X such that o, sLp s = pp,s0p,5 ; the function hy s becomes uniquely deter-
mined imposing the condition oy, s(hp,s) = 1, which we will assume from now on.

3. In other words its essential spectral radius on this space is less than pa (Lp,s)
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5.2. From convergence to divergence : Proof of Theorem 1.3.
Combining expression (12) with Lemma 4.3, one gets for any s,b > 0 and k > 0

(14) L5 Al = Y exp(—sdy(x0,7 - X0))-
~er
[v]s=k

Consequently, the Poincaré series Pr(s) of I' relatively to d, and the series Z 1§ 1o

k>0
converge or diverge simultaneously. Following [30], we see that the function s — poo(Ls,s)
is strictly decreasing on R ; the Poincaré exponent of I relatively to dj is then equal to

or = sup{s >0 poo(Lps) > 1} = inf{s >0 poo(Lps) < 1}.
and the latter expression will be useful to prove Theorem 1.3. We first get the

LEMMA 5.4. Assume that the profiles 9, -+ , 71, , T, = T are convergent and satisfy
the condition w, = max(wr,, - ,wr.) > 2. Then there exist non negative reals ag,- -+ ,ar
and by > 0 such that

o The group I' has exponent <5 and is convergent with respect to ga,.... a0

e  The group I' has exponent greater than <5 and is divergent with respect to gay,... a, b
for any b > by.

Proof. By the previous Section and the choice of the profiles 7;,0 < i < r (with the
additionnal notation 7 = 7,.), we may fix the constants ag,--- ,a, large enough, in order
wr

that the group I' acting on (X, ga,,... .a,,0) is a convergent lattice with exponent § = 4=.

To prove the second point we will take in account only the contribution of words containing
powers of p,; we get by the triangle inequality

Y etdborxe) > 5§ =04 (X0,P11 Q1P Qo)

~yel k>1Q1,,Qrew;
[a]e |22
k
> E E 6*5db(xo,;ﬁlr'x0) E e*5db(X0,Q-x0)
k>1 \|I|>2 QEWL

We now use the following fact :

LEMMA 5.5. There exist by > 0 and, for any b > by, integers n,, < n, depending
respectively on a, and b > by, such that :

e Ny — o0 when b — oo,

e for any | satisfying ng, < |l| < ny, there exists a constant C' depending only on a,
and the bounds of the curvature such that :

dy(x0, p' - x0) > 31n|l| -C.
wr
Proof. When |I] is large enough, say |I| > n,, > 2, the geodesic segments [x, p'-x(] intersect
the horoball He, (a, + A) and when |!| is not too big the same geodesics do not intersect
He, (ar+b+A). If we set np := max{n € N; |k| <n = [xo,p"x0]NHe, (a,+b+A) = 0}, the
latter is well defined and satisfies n, — co when b — oo. Fix [ satisfying n,, < || <n, and
define respectively by x; and x5 the enter and exit point of the oriented geodesic segment
[x0,p! - x0] in He, (a, +A). Using a comparison argument with the geodesic from xo tangent
to OHe, (ar + A), we can observe that

|db(X0,X1) —do(Xo,X1)| <c¢ and |d0(X0,X1) —CL,«| <c
for a constant ¢ only depending on the bounds of the curvature. In the horospherical annulus
He, (ar+A)\He, (ar+b+A) the curvature is —w? so that dp(x1,x2) = W Combining

this with the above inequalities we get the existence of a constant C' depenaing on a,, 7T and
on the bounds of the curvature such that for I satisfying n,. <|l| <n; :

dhyp(XOaplXO) _ C — iln(‘”) _ C O

d ! >
»(X0, P Xo) > o o
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To conclude the proof of Lemma 5.4, notice that for § = “* we have :

. np . np 1 wr /2
—d&dp (x0,p"%0) —ddy (x0,p" *%0)
I S N S o (llw) S heo as b 4o
{t5 111=2} [l|=na, [t=na,

So, there exists by > 0 such that Z ¢~ 8db(x0.p"x0) Z e 0d(x0.@%0) | 5 1 a5 soon as
[1>2 QEWH
b > by ; in particular, continuity and monotonicity in s gives :

Z e_Sdbg(x()vpl'xU) Z e~ 5dbg (X0,Qx0) | 1
|1|>2 QeEWr

for some s > <=. This ensures that ép > s > %= = §p, = max{dp, |0 < i < r}, and I is
divergent with respect to the metric g, ... 4,5 by the critical gap property recalled in the

introduction. O

End of proof of Theorem 1.3. Recall that 6 = w,/2. Since po(Lp,5) is an eigenvalue of
Lyp,5 which is isolated in the spectrum of £ 5, the function b — po(Lp,5) (which is a priori
semi-continuous) has the same regularity as b — Ly 5. For by given by Lemma 5.4, we have
Pa(Lo,s) = poo(Lo,s) <1 and pa(Liy,s) = Poo(Lby,5) > 1; thus, there exists b, € [0, bg] such
that po(L+,5) = poo(Le=s) = 1. Since the function s — poo (Lp=s) is strictly decreasing on
[0, +00[, one gets poo(Lp+s) < 1 as soon as s > d. For such values of s, the Poincaré series
Pr(s) of T relatively to the metric gp+ thus converges, this implies that its Poincaré exponent
dr,p+ is not greater than 0 ; actually we have dp - = 6 since 5<p1,> = 0 and p, € I'. Finally,
the eigenfunction hy- 5 of Ly« 5 associated with po(Lp+ 5) being non negative on 90X, one
gets hy- s < 1 and so

D ILE s1loo = D ILE shiesloo = Y [s 5lo0 = 00
k>0 k>0 k>0

which implies, by (14), that ' is divergent with respect to the metric gp. O

6. Counting for some divergent exotic lattices

We prove here the following general result, which implies Theorem 1.4 given in the
Introduction :

THEOREM 6.1. Let X be a (r+1)-punctured sphere, endowed with a metric of finite area
which has a cusp C; with profile T; for each puncture and is hyperbolic outside CoUCU- - - C,..
Let pg,--- ,p, be parabolic isometries, each one generating a parabolic subgroup P; asso-
ciated to C;, such that T = m(X) is a free group over pi,--- ,p,. and py = p1---Dr.
Let X be the universal cover of X, let xo € X, and assume that the lifted metric g on

X satisfies the following assumptions :

e H; : the group I is exotic and divergent with Poincaré exponent § = or = 5, where
W= w;, =max(wr, - ,ws) > 2;

e H, : there exist k €]1/2,1] and a slowly varying function ) L such that
15 —3dd(x0,p-0) 3 )
(15) > e =
PEPr/d(x0,px0) >t
e Hj : the parabolic groups Py, for 0 <1 <r —1, satisfy the condition

(16) 3 e—ddxorx0)  _ (Lt(:) )

pEP/d(x0,p-x0)>t

4. A function L(t) is said to be ”slowly varying” or ”of slow growth” if it is positive, measurable and
L(\t)/L(t) — 1 as t — 400 for every X > 0.
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Then, for any 1 < j <1 and any fivred x; € 0X far enough from the fized point of p;, there
exists Cj > 0 such that

e&pR

R-~L(R)
where T'; is the set of v € I' with last letter j, with respect to the alphabet A.
As a consequence, we have

(17) #{y €T/B., (v -x0,%0) <R} R G

R—+oo eérR

(18) tH{y € I'/d(x0,7-x%0) < R} ~ X R *L(R)

Notice that (18) easily follows from (17) summing over j € {1,--- ,r}, as for each j there
exists ¢ = ¢(z;) > 0 such that d(xo, v - x0) — ¢ < By, (7" - %0,%0) < d(x0,7 - X0).

Let us make some remarks :

(1) We have seen in the previous Sections how to perturb a hyperbolic metric to obtain a
negatively curved metric g = gq,,..- 4,5+ On X with profiles 7y, - - - , 7. and parameters
ag,- - ,a, and b* so that the hypothesis H; holds.

(2) Hypothesis Hao is inspired by probability theory and it corresponds to a heavy tail
condition satisfied by random walks, which have been intensively investigated [21].
It holds in particular when

~ 2Inn+2(1+k)(Inlnn 4+ O(n))

N w

for some w > 2. This equality concerns only the asymptotic geometry on the cusp
C, as it is equivalent to prescribe a profile without modifying its exponential growth
rate. Hence it is compatible with any choice of the parameter b. The critical exponent
of P, is thus 6 = w/2 and one gets, as t — 400,

Z 6—6d(x07p-0) _ Z e—éd(xo,pf-o)

pEP/d(x0,p-X0) >t n€N/d(xo,p-x0) >t

d(XOap? ° XO)

~
=~

(3) The condition k €]1/2, 1] readily implies

Z d(XO,p . Xo)efdd(xo,p-xo) - Z N( Z 6*5d(xo,,’0-xo)>

pEP, N>1 pEP,/N<d(x0,p-%x0)<N+1

= Z ( Z e—5d(><o7p40)>

N>1 peP,/d(xo0,px0)>N
L(N

X = e

N>1

By Theorem B in [13], it readily follows that the Bowen-Margulis measure associated
with T" is infinite.

(4) Finally, notice that hypothesis Hj is satisfied in particular when the gap property
dp, < 6 holds for any 0 <1 <r—1.

Under these assumptions, we will see that the subgroup P, corresponding to the cusp C,
has a dominant influence on the behavior of the orbital function of I'.

¢

We present here the main steps of the proof of Theorem 6.1, and refer to [19] for details.
Let X = I'\X, where X is its universal cover. First notice that, under the assumption of
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the theorem, we can assume (by replacing the cusps C; with purely hyperbolic cusps) that T’
acts on the disk model of H? with a fundamental polygon D as described at the beginning
of Section 4, with 2r boundary points & = 19, &1, 71, - , &, r = &0, enumerated in cyclic
order, with p; - & = &; and p; - ;-1 = n; for 1 < ¢ < r, and all points 7; belonging to the
T-orbit of the fixed point & of pg ; so, we can assume that the metric g is a modification of
the hyperbolic one on the fundamental system of horospheres He,, with C; = P;\H¢,. We
therefore have a coding of elements of I by blocks § € %6 and a ping-pong dynamic, for the
alphabet B as described in Section 4.

For any R > 0, let us denote W} (R, -) the measure on R defined by : for any Borel non
negative function ¢ : R — R

— _1.x X —
=D e B (B, (v x0,%0) — R).
v€T;

One gets 0 < W;(R,v¢) < +oo when ¢ has a compact support in R since the group T
is discrete, furthermore Z;Zl W;(R,¢) = e °Bor(R) when (t) = €*1,<o. If one proves
that for any non negative and continuous function 1 with compact support and such that
/; x)dz >0

]R+

(19) Wik "5 gt [ uteds

this convergence will also hold for non negative functions with compact support in R
and whose discontinuity set has 0 Lebesgue measure; Theorem 6.1 follows since vp(R) =
Ry Ym0 Wi(R, € 1) (ny1),—n) (). From now on, we fix a continuous function 1 :
R — R* with compact support ; one gets, for 1 < j < r fixed
— -1, —
P) = Z( Z o 0Ba; (v XO7XO)¢(B@7- (v 1. X0,X0) — R))
k20 ~el;/lvls=k

Notice that for v € I'; with B-decomposition v = 31 - - - B, one gets , setting y := v - z;,

Bo, (v x0,%0) = €(B1c B i)+ C(Bar Brxy) + o+ (B - xy)
= Cy)+&T-y)+- +&T" 1 y) = Spe(y)

where € is the ”ceiling ” function defined as in (10), so that

(20) WiRy) =Y Y e Wy(Six(y) - R).

k>0 ycdX /T y=x;

By a classical argument in probability theory due to Stone (see for instance [21]), it
suffices to check that the convergence (19) holds when v has a C* Fourier transform with
compact support : indeed, the test function 1) may vary in the set H of functions of the
form v(z) = e*®4pg(x) where 1)y is an integrable and strictly positive function on R whose
Fourier transform is C'°° with compact support. When ¢ € H, one can use the inversion
Fourier formula and write ¢(z) = 5= [y e ~itzy)(t)dt, so that, for any 0 < s < 1

Wi(s, R,¢) = Zs’“ . e EWY(Se(y) - R

k>0  yedX/Tky=z;

1 .
_ k - itR —(5+zt5’€(
DDV (1)

k>0 yeOX/T* y=x;

_ %/ iR (1) (ZS Z e—(6+it)SkQ‘(y)>dt

k>0  yedX/Tk.y=z;

- o / (1) (3 Mk i1 () )t

k>0

1

(21) = o /R M (t) (I = sLs4i) " Lay)dt
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where L.,z € C, is the transfer operator associated to the function € and the metric g,
formally defined in Section 5.

When Re(z) > ¢, we know that the £, are bounded and quasi-compact on the space
L,(0X) of Holder continuous function on (90X, Dy). The subsection 6.1 is devoted to the
control of the peripherical spectrum of L5, on L,,. In subsection 6.2, we describe the local
expansion of the dominant eigenvalue. Atlast we achieve the proof using arguments coming
from renewal theory (subsection 6.3).

6.1. The spectrum of Ls,;; on L,. First we need to control the spectrum of L,
when z = §+it,t € R. By Lemma 5.1, the operators £, are bounded on L, when Re(z) > §;
the spectral radius of £, will be denoted p,(z) throughout this Section. In the following
Proposition, we describe its spectrum on L, when Re(z) = 6.

PROPOSITION 6.2. There exist g > 0 and po €]0,1[ such that, for any t € R with
modulus less than €g, the spectral radius p,(§ + it) of L1t 18 > po and the operator Lsi it
has a unique eigenvalue Ay of modulus p(§ + it), which is simple and closed to 1, the rest of
the spectrum being included in a disc of radius pg.

Furthermore, for any A > 0, there exists pa €]0,1[ such that p,(d +it) < pa for any
t € R such that ¢ < |t| < A.

NoOTATION 6.3. We denote o the unique probability measure on 0X such that cLs = o
and h the element of L, such that Lsh = h and o(h) = 1.

Proof of Proposition 6.2 This is exactly the same proof that the one presented in [2](Pro-
position 2.2) and [19] : the operators Ls; are quasi-compact on L,, and it is sufficient to
control their peripherical spectrum. When ¢ is closed to 0, we use the perturbation theory to
conclude that the spectrum of Ls,+ is closed to the one of L : it is thus necessary to prove
that the map ¢ — L, is continuous on R. The following Lemma is devoted to precise the
type of continuity of this function.

LEMMA 6.4. Under the hypotheses Ho and Hg, there exists a constant C' > 0 such that
1
[Ls+itr — Loritl < Clt" —¢"L (|t’ - t|)
Proof. We will use the following classical fact ( [22] p.272 and [21] Lemmas 1 & 2) :
LEMMA 6.5. Let p be a probability measure on RT, set F,(t) := p[0,t] and m(t) :=
fot(l — F,(s))ds and assume that there exist k € R and a slowly varying function L such

that 1 — F,(t) ~ Lt(,f) as t = +o00. One thus gets

Lt = Fu()
(22) ()

=1-—x

+o0
and the characteristic function i(t) := / e u(dx) of u has the following local expansion
0
ast— 0t
o 1
(23) A(t) =1— e ™5 D(1 - n)t”L(;) (1+ o(t)).
Noticing that m(t) := fot zp(dr) = m(t) — t(1 — F,(t)) one also gets m(t) ~ km(t) as

t — +oo; furthermore, decomposing f0+oo lett® — 1| p(dr) as f[o /1] le?® — 1| p(dz) +
f]l/t oo le?®® — 1] u(dz) and applying the previous estimations, one gets, for any t € R

+oo
/0 % — 1| pdz) < 5 L(1/L).

We now apply (22) with the probability measures p;,1 < 1 < r, on RT defined by p; :=
@) ZpePl dd(xo,p-xo) Where ¢; > 0 is some normalizing constant. As a direct consequence,
under hypotheses Hp and Hg, one gets (up to a modification of L by multiplicative constant)

(24) Z d(Xo,p . Xo)efﬁd(xo,p-xo) = oo L(t)

pEP;/d(x0,px0)<t

tlfn

1—k
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and

(25) Z |eitd(xO,p~xO) —1| x e 9d(x0.px0) < t"L(1/t);
PEPr

similarly, for 1 <[ < 7, one has

(26) D |eitdbeopxo) | 5 m0dx0px0) = 4R T(1 /t)o(t).
pEPL

In the same way, by lemma 4.3, for any € 90X \ I,., one gets

Lt
(27) Z e*‘m(p'””))xit(n) ; Z C(p- x)e"m(p'””)xtl’”L(t),
pEPT/C(p‘QE)St pEP,/C(p-x)) >t
(28) D et m 1) x e P 4R L(1/t)
PEPr

and, for 1 <! <r—1landxz€0X\ I

(29) D (el 1] e E) = R L(1/t)o(t).
PEP,

Notice now that the Poincaré series of the subset W, - xq is divergent, by sub-additivity of
the orbital function vy, (%o, R) = {8 € W1/d(x0, 8 - x0) < R} ; we then deduce (by taking
a free product with an element in Schottky position with Wy, cp. [16]) that its exponential
growth dyy, = limsupg_, . R 'vow, (%o, R) is strictly less than §. Therefore we also have,
for any 1 <1 <rand z € Upyl],

(30) D1t CE ) 1] x e R L (1 /t)o(t).
BEW,
lp=I

Noticing that for any § € B and z € Kg

|ws it (B,7) = wapaw (B, )| < 7)) — 1] x e70¢F)

one readily gets, combining the above estimations (27) to (30) all together

(31) |Lovit — Lotiv

o < Z lwsit (B, ) — wsrie (B, oo = |t—t’|“L( L )

et [t —¢|

Now, for any 8 € B and z,y € Kg, one gets
’(w6+it(ﬁa z) — wyriv (B,2)) — (wotit(B,Y) — wotirr (5721))’

< e0eB) ) (ez‘u—t/)e(ﬁ-z) _ 1) _ (ei(t—ww-y) _ 1) ’

+ ’e—5¢(ﬂ‘w)_e—5¢(ﬂ‘y) %

=t E(By) _ 1‘

< e 9CBe)

Git—t)(E(Bz)—C(By)) _ 1’

4 e—aw-y)‘em(ﬁ-y)—w-m)) _ 1‘ X

cit=tEBy) _ 1‘

=< (e_‘w(ﬁ'w) [rof] x|t —t]|+ e BV [rop] x

cit=t)e(By) _ 1DDO($’y)

1

SO that7 as above Z [w(;-‘rlt(ﬁ) .) — Wetit! (ﬁ’ )] j ‘t _ t/|"‘CL (|t t/|) . We achieve the prOOf
peEDB

of the Lemma combining this last inequality with (31). O
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6.2. On the local expansion of the dominant eigenvalue )\; . We explicit here
the local expansion near 0 of the map ¢t — A; :

ProrosITION 6.6. Under the hypotheses H1—Hg, there exists Cr > 0 such that
(32) A =1—Cre ™2t"L(1/t) (1+ o(t)).
Proof. Recall first that 1 is a simple eigenvalue of Ls with Lsh = h and o(h) = 1; since
t — L5t is continuous on R, for ¢ closed to 0 there exists a function h; € L, such
that Lsyihy = Aghg, this function being unique if we impose the normalization condition

o(ht) = 1. The maps t — A\; and ¢ — h; have the same type of continuity than t — L5
and one gets the identity

At =0 (Lihy) = o (Lih) + a((ﬁgﬂ-t — Ls)(h — h)))

2
By the previous subsection, the second term of this last expression is < (t"‘L(l /t)) It

remains to precise the local behavior of the map ¢ — o (£;h); one gets
i
o(Lh) = 1—|—Zcrl
1=0

with og := Z / h(B - x))eftm(ﬁ-x)(efit@(ﬁﬁr) —1)o(dz) and, for 1 <1 <r
BEWH Ks
o] = Z h(ﬂ . x))e—6€(5~m)(e—it€(,@.x) _ 1)U(d{1,‘)
BeEP; Ke
By (30), the terms oy,1 # r, are of the form ¢"L(1/t)o(t). To control the term o,, one sets

A(n,z) := C(p - ) — d(xo,p) - Xo) for any z € 0X \ I, and n € Z. The following lemma
readily implies that the quantity A(n,x) tends to —(z|&,)x, as [n| — +oo.

LEMMA 6.7. For any parabolic group P :=< p > with fized point £, we have
Br(pin : XO;XO) == db(XOapn : XO) - 2(§|$)XO + Ez(n)

with liIE ex(n) =0, the convergence being uniform on compact sets of 0X \ {£}.
n—-+oo

Proof. Let (x,,) be a sequence of elements of X converging to . We have

Ba?(pin ' XOaXO) = lgﬁbn d(pin : X07Xm) - d(XOaxm)

= d(p™" - x0,%0) — ligzn(d(xo,xm) +d(p™ - x0,%0) — d(p™" 'X07Xm))

with
lim<lim d(x0,Xpm) + d(p™ - x0,%0) — d(p™" - xo,xm)) = 2lm(p™" - x0|2)x, = 2(&;, [7)x,

and the conclusion follows as the Gromov product (p*" - x¢|x)x, tends uniformly to (£|z)x,
on compacts of S\ {¢}. ]

We write
o, = Z o—8d(x0.p}} x0) (e—itd(xo,p:%-xo) _ 1) / h(pl - z))e A0 o (dx)

In|>2 DXL
3 ettt [ ) A (e o ) o )
o2 OX\I,
= Op1+0p2.

One gets / h(p? - 2))e 2@ g (de) > 0 for any |n| > 2; by (23), there exists ¢ > 0
OX\I,

such that )
oy = —ce TID(1 — m)t’“L(;)(l + o(t)).
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On the other hand

jora| < [t] ) e dbxoprx0) / h(p-x))e 2D (pl - x) — d(xo, Pl - X0) | (dz) = O(2).
|n|22 8X\IT

Equality (32) follows immediately. O

6.3. Renewal theory and proof of Theorem 6.1. For technical reasons (see for

instance [21]) which will appear in the control of the term WJ-(B) (R, 1), we need to symmetrize
the quantities W} (R, ) and W;(s, R, ) setting

=Y X O (w(SiEw) - R) +u(-Siely) - B))

k>0 yecoX/Tk y=x;

and

(s B =Y 8" 3 eI ((SiEly) - B) + v(=Siely) - ).

k>0  yedX/Tk.y=z;

Notice that, when ¢ is a continuous function with compact support in R*, the terms
w(fSkQﬁ( ) — R) of these sums vanish for R large enough, so that W;(R,¢) = W;(R,¢)
and W (s, R,v) = Wj(s, R,) in this case. By (21), for any 0 < s < 1, one gets,

Wils, Row) = > os 3 e IS0 (g(Se(y) - B) + u(-Si€ly) - R))
k>0  yedX/Tk.y=zx;
1

= Ziéém¢@<U—ﬂﬁHm_L—U—SQ404)M@Mt

Fix ¢y > 0 and let p(t) be a symmetric C*°-function on R which is equal to 1 on a [—e¢g, €]
and which vanishes outside [—2eg, 2¢¢] ; one thus decomposes W (s,R, ) as

Wi(s, R,w) = WV (s, R,y) + W (s, R,4b) + W (s, R, )

with
WG, r0) = oo [ RGO = pO) (= o)™ 1y )i
R
‘o / () (1 p()) (I = rLomie) ™ Laj)dt,
T JRr
WJ»(2)(S, R.Y) = % /R e"Fap(t)p(t) <(I —rLotir) " 1(zy) — W) at
bom [ emionte) (11— res ™ 1(ay) - ZEALIMEL ) 4
and W (s, ) = PO [t (e Y

Using Proposition 6.6, letting s — 1, one gets

W;(R, %) = W (R, v) + WE(R,9) + W (R, )
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with
WiV (R) = lim WD (s Ry)
= % /ﬁ“%(t)u = o) (L= Loyie) ™ Uag) + (T = L)~ 1) ),
WO EY) = lmW e Ry)
= 5 [ mi0n) (1= Lovi) ™ 1(a;) - DO o
tar [ i0pte) (1= oo™ 1(ay) - ZOTLED ) o
T Jr At
and W;B)(R,w) = il/iﬂi Wj(g)(S’va)
o(0X \ Ij)h(z;)

= —= = /R eit%(t)p(t)Re(l _1 &) dt.

The functions t +— A; has the same regularity as ¢t — Lsi;; by lemma 6.4 one can thus
check that ¢ : ¢ — D) (1 — p(t)) ((1 — Lovi) () + (T = Ls_ip) 1(xj)) and

ot o BP0 (= Laar) " 1(wy) W
+(I - ‘Cé—it)_l 1(z;) — W)

satisfy the inequality |¢x(s) — ¥x(t)] X |s — t|"L (ﬁ) ,k = 1,2. This yields some infor-
mation on the speed of convergence to 0 of their Fourier transform : indeed, for any 6 < x,

there exists Cy > 0 such that

7 74 Co e Cy
(33) ‘W}”(R, w)\ < ond )WJ@)(R, w)‘ <25
(which readily implies lim R L(R)W,"(R,¢) = lim R "LR)W'?(R,¢) = 0 as
R—4o00 R—+o00

soon as 6 €]1 — &, K[, which is possible since £ > 1/2).
On the other hand, by Section 5 in [21], one gets for 1/2 < k < 1

lin R LT (R 0) = Ci0) = € [ wlopde

R—+oc0

with C; = 0(0X \ I;)h(x;) 2% ; notice that the value h(z;) is uniquely determined by the

normalization o(h) = 1 (see [26] Theorem 4 for a detailed argument). This achieves the
proof of Theorem 6.1.0

Concluding remarks.

(1) As it is clear from the proof, we do not really need that the metric g is hyperbolic outside
the cusps C; ; hyperbolicity is only needed to describe the initial fundamental polygon D with
a fundamental system of horospheres. As far as the metric ¢ on X has negative bounded by
a negative constant from above (hence, the conformal structure of 90X is well defined and
the related properties as in 4.2, 4.4, 4.6 are satisfied) and satisfies the conditions H; —Hg,
all the arguments in the proof of Theorem continue to hold.

(2) The same estimates for the orbital function can be deduced for surfaces with r + 1
punctures and genus g > 0, which have essentially free fundamental group TI', according
to the definition in [35]. This can be achieved by using a different coding as given in [35]
(which cannot be used in our case, where adjacent sides are paired by a parabolic element).
We limited ourselves to genus 0 surfaces as our coding is particularly simple and explicit in
this case.
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