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Some negatively curved manifolds with cusps,
mixing and counting

By Frangoise Dal’bo and Marc Peigné at Rennes

Abstract. Let X be a Hadamard manifold whose sectional curvature K satisfies
—bh* < K < —1. We consider a family of free isometry groups I' acting properly discon-
tinuously on X and containing parabolic transformations of divergence type. We show that
such groups are of divergent type, we describe the dynamic properties of the map 7T induced
by the action of I on the boundary of X and we explore the spectrum of the transfer
operator associated with 7. As applications, we establish a mixing property for the geodesic
flow on the unit tangent bundle of X/I" and we describe the behaviour as a goes to + oo
of the number of primitive closed geodesics on X/I" whose length is not larger than a.

Introduction
A Hadamard manifold is a complete simply connected Riemannian manifold of non
positive curvature K. Let X be such a manifold, assume that —b* < K < —1 and denote
by 0X its visual boundary relatively to a reference point 0. Fix two integers N,, N, such

that Ny + N, =2 and N, =21 and consider N, hyperbolic isometries «, ..., oy, and N,
parabolic ones oy ., ..., ay, ;y, satisfying the following conditions:

(1) For 1 £i < N, there exist in 0X a compact neighbourhood C,, of the attracting
point x, of a; and a compact neighbourhood C,_. of the reppeling point x,-: such that

oci(é’X— Ca; 1) (e szi .

(2) For Ny+1=i< N,+ N, there exists in 0X a compact neighbourhood C,, of the
unique fixed point x, of o; such that

VneZ* of(0X—-C,)c<=C,,.
(3) The 2N, + N, neighbourhoods introduced in (1) and (2) are pairwise disjoint.

(4) The elementary groups {o;) for N+ 1 =i < N,+ N, are of divergence type.
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142 Dal’bo and Peigné, Negatively curved manifolds

Such families of isometries can be obtained by taking some powers of a finite number of
parabolic or hyperbolic transformations of divergence type which have no fixed points in
common. Note that if N; = 0 we only consider N, = 2 parabolic transformations satisfying
conditions (2) and (3).

Transformations o, ..., ay, ; 5, generate a free group I which acts properly discon-
tinuously and freely on X. If N, = 0 the group I' is a Schottky group; it acts on the convex
hull of its limit set with compact fundamental domain, in other words I' is convex cocompact.
The geometry of convex cocompact groups is well known ([7], [19], [33]); many results
are proved using the thermodynamic formalism which may be applied in this case.

Throughout the present paper we assume that N, =1 and we will say that I' is an
extended Schottky group. Note that any parabolic transformation of I' is conjugated to
some power of a parabolic generator; this is the simplest example of a non convex-
cocompact group.

In the case where X = Hf, there is a well known ergodic theory for geometrically
finite discret groups G even if it contains parabolic transformations: for example the
Patterson-Sullivan measure associated with G has no atomic part, G is of divergence type
[31] and the geodesic flow on the unit tangent bundle of X/I" is topologically mixing [ 28].

In the non constant curvature case, there are not many results about groups with
parabolic transformations and several problems are still open: Are such groups of diver-
gence type? Does there exist an atomic part in the Patterson-Sullivan measure? Is the
geodesic flow mixing relatively to the geometrical Patterson-Sullivan measure?

Let us now state the main results of the present paper. Denote by d the Riemannian
distance on X and J, the exponent of convergence of the Poincaré series associated with
I'. Since the sectional curvature of X is lower bounded, J; is finite. Let g be a non elliptic
isometry, denote by J, the exponent of convergence of the series ) e ™9 If ¢ is

neZ

1
hyperbolic then 6, = 0; if g is parabolic then 6, = 3 (cf. §IIT) We prove the

Theorem II1.1. Let G be a non elementary group of isometries of X. For any g€ G
such that ), e~ %4%9") = 4 o0, one has 65> 9,

neZ

When g is hyperbolic one just obtains the well known result é; > 0. If G contains
parabolic transformations then é4 > 1/2.

The following results are stated for extended Schootky groups I'; using the coding
of the limit set of these groups we prove the

Theorem IV.2. The Patterson-Sullivan measure o associated with I' has no atomic
part.

As a direct consequence we obtain
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Dal’bo and Peigné, Negatively curved manifolds 143

Corollary IV.3.  The group I is of divergence type, that is y e °r4%79 = 4 o0,

vyel

Since I' contains parabolic transformations, we code the points of its radial limit set
A° with an infinite alphabet; by geometrical arguments, we show in § V that the boundary
map T on A° induced by the classical shift on the associated symbolic space is expanding
and we construct a T-invariant probability measure v on A°.

Denote by A the limit set of I' and by G4 the set of pairs (&, x) where ¢ is a geodesic
on X with endpoints in 4 and x € . The Patterson-Sullivan measure induces a natural
measure u ® [ on the non wandering set GA/I" of the geodesic flow (g,),. on the unit
tangent bundle of X which is (g,),.p invariant. We show the

Theorem VI.2. The geodesic flow (g,),.r on GA/I is mixing relatively to u @ I.

The proof of this result is based on a renewal theorem for transient Markov walk
on A X R [14] and requires a precise investigation of the spectrum of the adjoint operator
P and its Fourier transforms P, associated with T and v (cf. § VIII); the fact that I" contains
parabolic isometries is essential to describe the top of the spectrum of P;, 1 € R. Note that,
as far as we know, theorem VI.2 is not proved (or not yet published) in the case where
the sectional curvature of X is non constant and I" is convex cocompact, even if I' is a
Schottky group.

For any a > 0 denote by n(a) the number of primitive closed geodesics on X/I" with
length not larger than qa; since I' is not purely hyperbolic the set of closed geodesics on
X/TI' is not relatively compact. In § VII we prove the following

Theorem VIL.1. The function a — m(a) is equivalent to e*’"|ad, as a goes to + 0.

To prove this theorem we use a probabilistic method introduced by S. Lalley [21]
and already developped in further directions ([2], [6], and [22]). First we code closed
geodesics on X/I" and establish a connection between n(a) and the harmonic potential of
a certain Markov walk on R. Theorem VII.1 thus appears as a direct consequence of a
harmonic renewal theorem for a transient Markov walk on R.

When M = X/I is compact, theorem VII.1 is due to Selberg [29] (K = — 1), Margulis
[23] (K variable) and has been extended to periodic orbits of Axiom A flows in [25].
When M is not compact and K = —1 this theorem is well known if M is a surface ([13],
[17], [32]); when dim M = 3 a similar result holds under the following hypotheses: the
volume of M is finite [32], or n,(M) is convex cocompact ([21], [25]) or n,(M) is a
Ping-Pong group [10]. The case where M is not compact and the curvature K is not
constant is quite open; in [6] we solve it for small perturbations of the Poincaré¢ metric
on the modular surface.

Remark. All the results of the present paper are valid and the proofs are rigorously
the same if one replaces X by a CAT(—1)-space whose boundary has a finite visual Haus-
dorff dimension [27] and admits hyperbolic and parabolic isometries; unfortunately, we
have no interesting example of such spaces except pinched Hadamard manifolds.
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I. Geometry on X

Denote by d the Riemannian distance on X. Since the sectional curvature is not
larger than —1 the metric space (X, d) is a CAT(—1)-space [4].

Throughout this paper we fix a reference point 0 € X. Consider two geodesic rays
t - r(t) and t — s(¢) based at 0; one says that r and s are equivalent if the Hausdorff
distance between r and s is bounded. Denote by dX the quotient of the set of geodesic
rays based at 0 by this equivalence relation; equipped with the quotient topology induced
by uniform convergence on compacts, X' U 0X is compact. Note that every pair of distinct
points in XU dX determines a unique geodesic on X [4].

A metric d,y on 0X is called a visual t metric (with ¢ > 1) if there exists C = 1 such
1
that for every x, yedX one has re 1740 < g (x, y) £ Ct 4O where d(0, (xy))

denotes the distance from 0 to the geodesic (xy) joining x and y. Such a metric does exist
on the boundary of any Gromov hyperbolic space [ 7], hence in particular on the boundary
of a CAT(—1)-space. Let x€ 0X and ¢t — r(¢) be a geodesic ray joigning 0 and x; for every
z,, 2, € X the limit as 7 goes to + oo of the difference d(z,, r(f)) — d(z,, r(1)) exists and is
denoted by B, (z,,z,). Geometrically, B, (z,, z,) represents the algebraic horospherical
distance between z; and z, relatively to x; moreover, if x;, x, € X and z belongs to the
B, (0,2) + B,,(0,2)

geodesic with extremities x; and x, then (x,|x,) = >

on the choice of z. One has the

does not depend

Theorem 1.1 ([4]). The mapping D : 0X X 0X — R™* defined by D (x,, x,) = e~ *11¥2
if X, % x, and D (x,, x;) = 0 is a visual e-metric on 0X.

For every isometry y on X and every point x € 0X set |7'(x)| = ?~(©7"'® Using the
equalities B, (yzy,7z,) = B.(z;, z,) and B, (z,, z3) = B,(z;, z,) + B.(z,, z3) one obtains
the

Mean values relation. Vx,yedX D(yx,yy) =1/|7' ()7 (»)ID(x, p).

Isometries on X are classified according to their fix points. An isometry is elliptic if
it has a fixed point inside X; in the present paper we only consider non elliptic isometries 7.
Thus

— either y fixes a unique point x, € 0X; in this case y is said to be parabolic and
17" (e =1

— or y fixes exactly two distinct points x, and x,-.; in this case, y is said to be
hyperbolic, the point x, satisfies the inequality |y’(x,)| <1 and is called the attracting point
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Dal’bo and Peigné, Negatively curved manifolds 145

1

1y ()
repelling point of y. Near x, -, the hyperbolic isometry y looks like a homothety expansion
with expansion rate |y'(x,-1)|.

> 1 and is thus called the

of y, the point x, -, satisfies the equality |y"(x,-.)| =

Definition 1.2. Let y be a hyperbolic isometry acting on X; the expansion rate of y
is the real number @ (y) = [y'(x,-1)].

The two following lemmas describe the dynamic on dX of non elliptic isometries.

Lemma L3. Lety be a hyperbolic isometry; for every compact set E < 0X — {x,, X~}
there exists A =1 depending on y and E such that

=In|
(1) Vxe E, Vne Z* % S|G40y,

(2) Vx,ye E,¥neZ* [lG") ()= 10" (D] £ 42() "D (x, y).

Proof.  Assume n = 1; if n < —1 it suffices to replace x,-. by x, in the proof.

(1) One has D(y"x, x,-1) = 1/| ") ()" (x,-)["D(x, x,-1). Suppose first that for
every k =1 there exist x, € E and p(k) e N* such that D(y*®x,, x,-.) £ 1/k; therefore

lim y*®(x,) = x,-:. On the other hand
k—+

D(yp(k)xka xy—l) _
D(yp(k)xka xy) a

D (x;, X,-1) - D(E, x,-.)
D(xkaxy) o ||D||oo

()™

which implies lim y?® (x,) = x,; this contradicts the fact that x, & x,-.. Consequently,
k— +

there exists B> 0 such that for every xe E and n 2 1 one has D(y"x, x,-:) = B. By the
mean values relation it follows

B \? . . 1D, ..
<”D”w> () "= (] = <D(Txy1)> D(y)".

(2) Let x and y be in 0X. Set A(x, y) =[|(") (x)| — (") (»)]|; one has

DZ(,})HX’ xy—l) Dz(’ynya xy—l)

Ax, ) =@(y)~" D*(x, x,-1) D*(y,x,-1)

< 20"
= D*(x,x,-1)

7

| D?(y"x, x,-1) — D*(y"y, x,-1)|

1 1

+ Q) " D"y, X,-1) -
7 D*(x,x,-1)  D*(y,x,-1)
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146 Dal’bo and Peigné, Negatively curved manifolds

If x and y belong to E one obtains

2[[ Dl

AN = PO

D("x,y"y)

2|1 D113,

HeO) ey

D(x,y)

2[[ Dl

=< ‘I’(V)_"m

V16" G () D, )

2|ID115

AV ey

D(x,y).

Using inequality (1) one thus obtains the existence of a constant 4 such that
0=A(x, ) = AP(y)) "D(x,y). O
The dynamic of parabolic isometries is a little different. One has the

Lemma L4. Let y be a parabolic isometry; for every compact set E < 0X — {x,} and
every y, € E there exists A =1 depending on y and E

(1) Vxe E,Yne 7*

W S =410 (o)l,

(2) Vx,ye E\VneZ* ||")Y () =10 W) £ 410" (7)1 D(x, ).

Furthermore one has lim |(y") (yo)|*!" = 1.
n—t oo

Proof. (1) Since |y'(x,)|=1 one has D(y"x, x,) = |/|(?") (x)| D (x, x,) for any x € 0 X;
D2 n < ny/ < 1
("%, %) 16" (] < 53

(x,, E)
D(x, y) .
D(x,x,)D(y,x,)’

SO

2 (nn —
DIZ D?(y"x, x,). For every x,yedX — {x,} set

A(x,y) =
1

D('x.x) DGy x,)
|41],, = sup A(x, yo) < + o0 and so
xeE

using the fact that A(yx,yy)=4(x,y) one obtains

< A(x,y) for any neZ* Now, fix y,eFE; we have

D (’)}nyOD xy)

VxeE .
1=114]l, D ("o, X,)

D(ynyoﬂ xy)
- =D("x,x,) =
L+ 141, D("yos X,) !

Since lim D(y"y,, x,) = 0 there exists C = 1 such that

n—>t

1
el D"y, x,) = D(y"x, x,) = CD(y"y,, X,)
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and so

Dz(yOa ) ZDZ(y05xy)

D2 C? 1) (o) S 10" D) = D’(x,, E) ") (Vo) -

(2) Let x and y in 0X and set A(x, y) = [[(}")' (x)| = [(?")'(»)||; one has

D*(y"x,x,)  D*(y"y,
D*(x, x.) D*(y, x,)

Alx, y) = ‘

é |D2(’ynxs xy)_DZ(V"ya xy)l

1
DZ (xﬁ x'y)
1 1

+D2(V"y,x) - .
“ID*(x,x,)  D?y,x)

If x and y belong to E one obtains

A(x, )_DZ(E ) D", 7"y)
+ D4”(E” )DZ(V »: %) D(x,y)
S oy VIETOIGGID )
T D4”(E”3y) YD (X, p)

Using inequality (1) one thus obtains the existence of a constant 4 = 1 such that
0= 240, p) = 410" (o) D (x, »).

n+1y/
Finally, since lim w = lim |y'(y"yy)| =1 we have
Inl=+w [(") (V)| Inl= oo

lim (") (yo)|'!"=1. O
|n|— + oo

The following result will be useful in the sequel; its proof is similar to the one of
proposition 8, chap. 8 in [12].

Lemma LS. Let (y,),>, be a sequence of pairwise distinct isometries of X such that
(%(%))@1 converges to a point x € 0X for some z,€ X. Then for every z in X one has
lim y,(z) = x.

n—>+ oo

The action of the sequence (y,),-; on 0X is a little different; for example if y is a
hyperbolic isometry, x, - is fixed by y and lim y"(x) = x, for all x # x,-.. More generally
one has e
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148 Dal’bo and Peigné, Negatively curved manifolds

Corollary 1.6. Let (y,),- be a sequence of pairwise distinct isometries of X such that
(v, (ZO)),,g | converges to a point x € 0X for some z, € X. Then, for any couple (y, y") of distinct
points in 0X one has lim inf(D(y,y, x), D (3,5, x)) = 0.

n—+ o

I1. Extended Schottky groups

Fix two integers N, and N, such that N,+ N, =2 and N, =1 and consider N,
hyperbolic isometries «, ..., oy, and N, parabolic ones oy, ..., 0y, 4y, satisfying the
conditions (1), (2), (3) and (4) given in the introduction. The group I' generated by
Oy, ..., Uy 1y, 18 called an extended Schottky group.

Notations. Denoteby .o/ = {o, ..., oy, 4y, }and o/ = = {a, 0!, .. oy, 4 n,s Onen,)-
Foreveryl=i< N;setC,: =C, uC,_:andforevery N, +1 =i < N;+ N,setC,: = C

i’

Using conditions (1), (2) and (3) one shows by induction over » the

Property II.1 (Ping-Pong property). Let a,,...,a,€.o/* such that a;,,=+ a;* for
lsi<n Thena;  a,(0X—C,-1) = C,,.

Consequently .7 is a free system of generators of I'. Furthermore one has
Corollary I1.2. The group I acts properly discontinuously on X.

Proof. Assume that I' does not act properly discontinuously on X. So there exists
a sequence (y,),; of distinct elements of I" such that (7, (O))ng ; remains bounded. Fix two

distinct points x and y in X — () C,. and choose z and z’ on the geodesic (xy); since
acsd

(7,(2))4=1 and (7,(2')),=, remain bounded, there exists a subsequence (7, )i=1 Of (7,)u=1
such that (ynk (2))4»; and (ynk (z')),»; convergein X. Set g, = Vo Vmionehas lim g (z) =z
= = k

-+ 0
and lim g,(z") = z’sothat lim g,(x) = xand lim g,(y) =y.BythePing-Pongproperty
k— + oo k— + oo

k— +

it follows that g, = Id for k large enough which contradicts the hypothesis. O
Recall that @(y) = |y'(x,-1)| for every isometry .

Corollary IL.3. Let (y,),>, be a sequence of distinct hyperbolic isometries of I" such
that vy, and vy,, are not conjugated for every n &= m. Then lim @(y,) = + 0.

n—+ oo

Proof. Suppose that there exist B > 0 and a subsequence (denoted also (y,),>;) such
that @(y,) < B for every n > 1. Since ./ is finite and ®(gy,g ') = ®(y,) for any isometry
g, one can suppose that for n large enough, either y, = o« for some 1 <i< Ny, or
Vo =Gy, Ay, With a, € /%, a1y, F a,;' for 1 £ i<k, and a, = o, a,, =p, o=+ p.

In the first case one has @(y,) = @ («,)!*! with @(e;) > 1 and corollary I1.3 follows.
In the second case x,-.€Cy. and 7,C,.<= C,.. For every xeC,. one thus has
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D?*(C,-, Cys)
n/x >a—’ﬂ

points in C,., which contradicts corollary .6. O

and therefore inf D (y,x, y,x") > 0 for every pair (x, x") of distinct
n=1

The following lemma is important in order to code some limit points of I'. For every
subset £ < 0X denote by diam E = sup D(x, y). One has

x,yeE
Xy

Lemma IL4.  Let (a,);2 € (o *)V such that a; % a;* for every i 2 1. Then

lim diama,---a,( () C,)=0.

n—+ o aed —{an 1}

Proof. Since the sequence (a, -~ a,( | ) C,)),s is decreasing, it suffices to show
aeo —{an '} B
the lemma for some subsequence. For every n = 1 set y, = a, - a, and consider a subse-
quence (7, );=; such that a, = o = ai! (if such a subsequence does not exist replace the
initial sequence a,, a,, ... by ay, a,, ... with a} # a{' and a] # a;'); transformations 7,
are thus hyperbolic and are not mutually conjugated. One has

diamy, ( |J Cp)= sup [y, 0] D],
acod —{a"1} xe (J Ca

a¥ ol

Dz(ynkxa x’hfl)
Sup &
xe (J Ca ®('})nk)D2(X, x‘/{kl)

a*+ o1

1 D1l

IDII3,
o (I)(’ynk)Dz( U Ca: Ca’l)

aedd —{a~ 1}

By corollary II.3 one has lim @(y, ) = + oo which finishes the proof. O

n—+ o

Denote by A the limit set of I'; by definition 4 = I'0 N 0X and it is the least I'-invariant
closed subset of dX. Let us introduce the

Notations. For every ae o/* set A,=AnC,and A,. = ANC,..

Let A° be the limit set A minus the I'-orbit of the fixed points of o, ..., oy, ; , and
set A2 =A°nC,and A%, = A°"C,..

Fix x,€dX — () C,.. Let xe 4% since x is a limit point there exists a sequence
acd

(7)1 of I' such that lim y,(x,) = x. Since ./ is finite and x ¢ I'x, for any o € .o/ * there
N +

n—
exists a subsequence (y,,);>; of (7,),; such that y, = af*--- ajj§° with a; € ./, n,e 7* and
a;,, # a;. The unicity of the sequence (4;");.; is a direct consequence of the Ping-Pong
property. We therefore have

Property IL5 (coding property). Fix xo€0X — | ) C,.. For every xe A° there

acd
exists an unique sequence o(x) = (a]");», with a;e o, n;e Z* and a;,, * a; such that

1 ni... g0k —
lim af'--- a*x, = x.
k= + o
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III. The critical gap property

Let g be a non-elliptic isometry on X and denote by J, the exponent of convergence
of the Poincaré series ) e~ **9"9 If g is hyperbolic, replace 0 by a point z which belongs

neZ
to the axis of g; one obtains )y, e 9" = " ¢~ "Bx(090 Since B, (0,g0) >0, one has
neZ neZ

0, =0 and the group generated by g is of divergence type.

If g is parabolic, the estimate of ¢, is much more complicated. For example, a direct
computation shows that J, = 1/2 when X is the real hyperbolic half space and ¢, € {1/2,1}
when X is the complex hyperbolic half space (we thank here M. Bourdon who has pointed
out this fact to us). In the general case where X is a Hadamard manifold with sectional
curvature —b* < K < —1, denote by # the horosphere through 0 and with center x, and
by /h the distance in # with respect to the induced metric; for any p, g € # one has

d 2 b
2Sinh(%q) <h(p,q = b sinh 2 d(p, q) ([16], Thm. 4.6). Since g"(0) belongs to s# for

any n € Z one has
d(0,8"0) < 2Log(/(0,g"0) +1)
< 2Log(h(0,g0) + -+ h(g"~'0,£"0) + 1)

<2Log((|n] +1)¢,(g)
with

2 . .2 _ 2 .2
sup 1+Esmhz d(g* 1O,g"O)§1+—sth d(0, g0).

1<k<n b

¢,(g) = sup 1+h(g"710,g"0) <
1<k=<n

. . 1 . .
It readily follows that ) e 39" > 425 % — for some positive constant 4 which
implies 6, = 1/2. nez* nez

If X is a symmetric space of rank one, the group generated by any parabolic isometry
g is of divergence type (see for example [8]); this is also the case if there exists a horoball
centered at x, isometric to a horoball of a symmetric space of rank one. Note that there
exist Hadamard manifolds of pinched curvature which possess parabolic isometries of
convergent type ([9]).

Theorem II1.1. Let G be a non elementary group of isometries of X. For any ge G
such that ), e %49 = 4 o0, one has d; > 9.

neZ

If G is purely hyperbolic one obtains J, > 0; this fact is not new and it holds even
if X is a general Gromov hyperbolic space [7]. If G contains parabolic transformations
one obtains in particular é, > 1/2; this inequality was already proved in constant curvature

(3], [26D).

Proof. One adapts here a Beardon’s argument [3]. Fix g € G such that the series
Y, e #©9"9 diverges at its critical exponent d,; since G is non elementary there exists an

neZ*
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hyperbolic isometry 4 such that the group <{g,/) generated by g and /4 is an extended
Schottky group. One has

Y e MO0 > N o~ 5d(0.g™hg™h...g"hO0)
yelg,h) k=1 nq,..., ny e N*
> Z Z o~ 5(d(0.g™10)+ - +d(0,g™<0) +kd(0,h0))
k=1 nq,..., n e N*
> Z (e*sd(o,hO) Z e*sd(O,g"O))k.
k=1 nzl

Since lim ). e *®¢"9 = 4 o0, one can choose s > J, such that e~ *(©"0 }" o= s(0.470) > 1

520z p >1 nx>1
§>0g
this implies that the series ) e %7 diverges for some s>¢, so that

) ,h
0620,y >0, O velg.h)

IV. The Patterson-Sullivan measure on A

Denote by 6, the exponent of convergence of the Poincaré series ) e **7? and ¢
vel
the Patterson-Sullivan measure on 4 [19], [26]. Since the sectional curvature of X is lower

bounded, J, is finite. For any isometry y € I' one has

d(y o)

p x) =7 (x)]°" o(dx)-a.s.
o

(*)

Recall the shadow 0(z, r) on 0X of the ball B(z, r) with center z € X and radius r > 0 is the
set of points x € 0X such that the geodesic ray joining 0 and x meets B(z, r). Let us recall
the following

Lemma IV.1 (Sullivan’s shadow lemma [7]). There exist C = 1 and d, > 0 such that
for every r = dy and ye I one has

%e—érd(o,ym é 0_(0(?0’ }")) é Ce—ﬁrd(o,y0)+2r6r.

When the curvature is constant it is well known that the Patterson-Sullivan measure
on A has no atom [31]. By the Ping-Pong property and the dynamic of generators on 0X
we show that the same property holds for any extended Schottky group acting on X. The
following theorem has been obtained with J.P. Otal.

Theorem IV.2. The Patterson-Sullivan measure o associated with I' has no atomic part.

Proof. Since I' is geometrically finite ([ 5]), 4 is the disjoint union of the radial limit
set and the fixed points of parabolic transformations of I'. Radial limit points cannot be
atoms of ¢ (see for example [33]), thus one just has to check that o{x,} =0 for any
parabolic generator o € .o7.
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152 Dal’bo and Peigné, Negatively curved manifolds

For s> 3, and ye X set g(») = Y e *®"™h(d(y,yy)) where h is an increasing
vyel
function of arbitrary small exponential growth which makes the series g (y) diverge at

s = 0p; more precisely for any ¢ > 0 there exists d, > 0 such that i (d + 1) < e* h(d) for any
t=0 and d = d,. By theorem III.1 one can fix ¢ such that J, + ¢ < J,; consequently, the
series ) ¢! 7or 940270 converges.

neZ

SetI"={y=a, -a,el|a;*+ a7’ and a, * «}; since the limit points of I’y belong
to A — A, there exists a closed cone C, of vertex ze X such that Iy < C, but x,¢ C..
Without loss of generality one may suppose that the distance between the origin 0 and
the cone C, is greater than d, and that the horosphere centered at x, containing 0 is included
in a cone of vertex 0 which does not intersect C_; for every k = 1 there thus exists a cone
C, of vertex 0 and axis [0, x,) such that C,na"(C,) = 0 when |n| < k.

Recall that a Patterson-Sullivan measure o is a weak limit as s — &, (along a sub-

(y) Y, e O™ h(d(0,7y))d,, where
yel
0, is the Dirax mass at yy. By the choice of the cones C; one has

sequence if necessary) of the family of measures o, =

DS —— 7sd(0a"yy)h dO n./
7:(C) = gs(y)\ngkygfe (( ocvy))

By hyperbolic geometrical arguments (see for example [8], lemma 3.1) there exists a
constant K > 0 such that d(0,0"0) + d(0,7'y) — K < d(0,0"y'y) < d(0,0"0) + d(0,y'y) for
any n € Z* and y’ € I''; consequently, for s > J, one has, up to multiplicative constants

e(~s+8)d(0,270) e 840N L (d(0
gs(y) |n\z>:/c /gl“ ( ( yy))

< ( Z e(*5r+s)d(0,a"0))o.s(cz).

|n| >k

0,(C) = ——

Letting s — d, one obtains o{x,} <c(C,nIX) g( Y e“"r+8)d‘°’“"°’)a(CzmaX) for

|n|>k

any integer k = 1. Letting k - + oo one obtains g {x,} =0. O

Corollary IV.3.  The group T is of divergence type, i.e. Y e °r079 = 4 o0,

vel

Proof. The following argument is classical (see for example [31] or [33]). Set
I'={g,n=1} and assume Y e r¥®#O)< 4 o; the lemma III.1 thus implies
n=1
Y 5(0(g,0, A)) <+ oo for A large enough. By the Borel-Cantelli lemma one obtains
n>1
o(limsup 0(g,0,4)) = 0. The inclusion 4° = | ) () |J 0(g,0, 4) leads to o(A4°) = 0 and
n— + oo

AeN N=1n=N
A=do

so g(A — A°) = 1; since 4 — A° is countable, this last equality contradicts the fact that ¢
has no atomic part. O
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When X is the real hyperbolic half space, this divergence property is satisfied for any
non elementary geometrically finite discret group [31]; recently this result has been extended
by K. Corlette and A. Iozzi [8] to the case where X is a symmetric space of rank one.

V. The geodesic flow and the boundary map

Let G4 be the set of pairs (£, x) where ¢ is an oriented geodesic on X whose endpoints
" =¢(—w)and T = E(+ o) belong to 4 and x € &. Denote by 0, the intersection of &
with the horosphere based at ¢ * passing through the origin 0 and 024 the set A4 x A-diagonal.
The map 7 : GA — 0°4 % R defined by (¢, x) = (¢7, ¥, B;.(0,, x)) is bijective. The group
I acts on 94 X R in the following way:

y(x,, X, S) = (y(x,), '})(X), s — Bx(05 Vﬁlo))

for any y e I' and (x_, x, s) € 9*4 X R. Denote (g,),. the geodesic flow on 0%4 x R defined
by g(x %, 8) = (x_, X, 5+ 0).

Set 9%4°= () A2.xAg.. For any (x_, x) € 3°4° such that a” is the first term of

a,fed
akp

the sequence w(x), set f(x) = B,(0,a"0) and T(x_, x) = (a¢""x_, a "x); the action of I
on 3’4 x R induces a map 7 on 0’4 x R defined by

]_}(x—ax’ S) = (T(x_,x),s—f(s)).

Remark that 7, is invertible with inverse T, '(y_,y, 1) =(x_,x, ¢+ f(x)) where
(v_,y) = T(x_, x). Denote GA° the set of pairs (£, x) € GA such that endpoints of ¢ belong
to A°. The quotient GA°/T is identified with 9°4° x R/{T}).

o(dx_)a(dx)
D(x_, x)*r
Lebesgue measure on R; since D (A2, Agi) >0 for every o, f €./, o & 5, the restriction
Uo of p to the set 024° is finite. Furthermore, the measure p ® / is invariant under the
action of I' and of the geodesic flow (g,),.z. In paragraph VIII we will prove that
0 <v(f) < +oo which readily implies that p, ® /induces on GA°/T a finite measure u, ® /
invariant under the geodesic flow (g,), . induced by (g,), .-

Let u be the measure on 94 defined by u(dx_dx) = and let / be the

There are close connections between the geodesic flow (g,),.z and the action of I' on
A; in particular, if G is a geometrically finite discret group of divergent type, the geodesic
flow on the unit tangent bundle of X/I' is ergodic relatively to p ® [ ([18], [31]). In
paragraph VI we prove that if I' is an extended Schottky group then (g,),. is mixing
relatively to 4 ® /; to show this we first have to control the action of I on A°.

Let T be the boundary map on A° induced by T and defined by T'(x) = a~"x where
a" is the first term of w(x); this mapping is the geometrical interpretation of the shift
operator on the symbolic space {w(x), x € 4°} and its properties will play an important
rule in the sequel.
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154 Dal’bo and Peigné, Negatively curved manifolds

Proposition V.1. There exists N € N* such that inf [(TV) (x)| > 1.
xeA°
Set B, = inf |(T")(x)| > 1; using the mean values relation one obtains the
xe A0

Corollary V.2. Let x,y € A° such that the sequences w(x) and w(y) have the same N
first terms. Then D(TVx, Ty) = B, D(x, y).

Proof of proposition V.1. Fix B> 0 and suppose that for any n = 0 there exists

x, € A° such that |(T") (x,)| £ B. Set w(x,) = (a%™*),=; without loss of generality one can

suppose a,, = o, a,, = f, and a,,,,, = f, for any integern 2 1. If « = f,, letae .o/ — {f}

and set X, = ax,_, for any n = 1; one has [(T")(X,)| = |[(a™ Y (X )| [(T" ') (x,_,)| and so

[(T"Y(X,)| < Bsup [(a~")(x)| which proves that (x,),., and (X,),-, satisfy a similar con-
xeA° - -

dition. Hence, without loss of generality, one may suppose a # 1.

Sety, =af -+ abmand y, =y, 'x,. Since f, + f, wehave D(y,,x, ) = D(Cys, Cy)>0
so that

_ - P _ D(y,)
D(x,» %) = VG175 D X5) Z |/ =2 D(Cps, Gy

Condition o # f; implies that the transformations y, are not pairwise conjugated; by
corollary II.3 one obtains lim &(y,) = +o0 so that lim D(x,, x, ) = + oo which con-

n—+ o n—+ oo

tradicts the compactness of (0X, D). O

Now we construct a T-invariant probability measure on A°. By equality (%) of
o (dx_)o(dx)
D(x_, x)*r

on 0°4° is T-invariant. Set pu,(0*4°) = 1/C and let p : °4° — A° be the projection on the
second coordinate; one has

paragraph IV and by the mean values relation, the measure p,(dx_ dx) =

Proposition V.3.  The measure v = Cp(u,) is a T-invariant probability measure on A°,
absolutely continuous with respect to o with density h given by

d
Voe.d, ¥xe A% h(x)=C _oldy)
A0— 49 D(x, y)=r

Let us now introduce the transfer operator P associated with (7, v). Denote by
11(A° v) (resp. 1°(A° v)) the standard completion of the space of Borel functions from A°
into R which are integrable (resp. bounded) with respect to v. Since v is T-invariant, the
transformation 7" induces an isometry on L'(A°%v) defined by T(y) =T for any
p e l(4%v). For any ¢ € 1°(A° v), let Po be the function in 1°(A° v) such that

Vi e L'(4% v) fo @ (%) (Tp) (x) v(dx) = fo Po(x)p(x)v(dx).
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| (") ()] (o"x)

h(y) _ h(o"x)
One has Po(x) = 7 o orf — 1.0 .0 (X
P R Tes S A I R TES
nerzZ*

for v-almost all x in A°. A priori, P acts on 1°(A° v); nevertheless it is possible to define
Po(x) in R* for any positive Borel function ¢ on 4 in the following way:

Definition V.4. For every Borel function ¢ from 4 into R* and every point x € 4, set

Po(x) = ) pp(x)p(a"x)

. h(o"
Wit () = Ly, 09 1 GV L

Note that for every x e A° and every n = 1 one has

h
A

=0rSnf(y)
e ().
yeA9/Tny=x h(X)

P'o(x) =

In the same way the mapping 7; induces a transformation 7; on A°x R defined by
T,(x,s) = (Tx,s — f(x)) for every (x,s) € A°x R. In some sense, the set §%4° is a section
for the geodesic flow on d°4 x R/I" and T} is the first return map for this flow on this
section; the transformation 7; memorizes the “travel time” between two consecutive pas-
sages through 024°. Let us introduce the operator P associated with T

Definition V.5. For every Borel function 1 from A xR into R* and every
(x,7)e A X R set

Ppx,)="3Y pa@p(a"x, t+f(0"x)).

aed
neZ*

Note that for every (x, ) € 4° X R one has

Py (x, 1) =y€A(;Ty=x % e IOy (y, 1+ f())
and
izl Pyx,n= ) POY oesurory (3, 1 4 5, £(7)

ye A%/ Tny=x /’I(X)

VI. A renewal theorem to prove that the geodesic flow is mixing

Notation. From this section on, I' is an extended Schottky group and ¢ is the

exponent of convergence of the Poincaré series » e~ %79
vel

We state here a classical renewal theorem which describes the behaviour as a goes

+
to 4 oo of the potential ) P"((x, a), dydt) and we show how one may deduce the mixing
n=0
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property of the geodesic flow (g,), .. First let us introduce a functional space L on which
P acts.

Notation. Let L be the space of functions ¢ from A into C such that

loll =lel, +m(p) <+

where |- |, is the norm of uniform convergence on A and

m(p) = sup sup () — @ ()]
aeod x,);i/;]ut D(X,y)éo

with 0, = inf{1, 6} .

For every 4 € R let P, be the operator defined by P, = P(e'*/ ¢). In paragraph VIII
we will prove the following facts.

Properties VI.1 (properties R).

(R1) The operator P acts on (L, || . |]).

(R2) One has 0 <v(f) <+ o0 and sung"(x) <400 foranyn = 1.

(R3) For any real number A the operator P, acts on L; moreover, the mapping . v P,
is analytic from (R, |.|) into the Banach space (£ (L), .|| g(m) of continuous linear appli-
cations on (L, || .||) with the usual norm.

(R4) One has P1 =1, the eigenvalue 1 is simple and isolated in the spectrum of P and
v is the projection on the associated eigenspace C1,.

(R5) For every 7 =% 0 the spectral radius of P, on (L, || .||) is strictly less than 1.

Note that property (RS5) is closely related to the fact that I' contains parabolic
transformations; if I is a Schottky group this property is not proved.

Using arguments developped in [1], [14] one proves the following theorem:

A renewal theorem. Assume that (P, [) satisfies properties R. Then for any compact
set K< A X R, for any bounded Borel function ¢ : A — R whose discontinuity points are a
v-negligeable set and for any continuous function u: R — R with compact support one has

o v(p) [u(r)dt
Iim su Plo@ukxs—a——F | =0
a—+ oo (x,s)IE)K ,,;0 ((p )( ) V(f)
and
+ o0 -
lim sup | Y P ®u)(x,s+a)|=0.
a—>+ow (x,5)eK | =0
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Throughout this paragraph we will assume that properties R hold. Recall that
the inequality 0<v(f)<+oo implies that u® [/ is finite on GA/I' and that
1@ H(GAT) = v(f).

Theorem VI.2. Let I' be an extended Schottky group. Then the geodesic flow (g,),cr
on GA|I is mixing relatively to u ® I.

Proof. We adapt here Y. Guivarc’h and J. Hardy’s proof of the mixing property for
a special flow constructed with a Holder continuous function over a subshift of finite type
[14]. One has to show that for every functions @ and ¥ in [2(GA/T, p ® [)

lim 1,2, 7) = (if) LOTOES (V)

with 1(?,¥)= | &(x_,x,9)¥Peg,(x_,x,s)u® I(dx_dxds). By proposition II1.2
024 XR/T

the measure ¢ has nc/) atomic part; the same holds for u ® / and so, without loss of
generality, one may suppose that @ and ¥ are defined on GA°; one identifies GA°/I" with
a suitable fundamental domain S = 0%4° x R for the action of the group (T;» and we also
denote by (g,),.r the corresponding flow on S. Using a density argument consider
@ = ¢ ® u where ¢ is Holder continuous on %4° u is continuous on R and the support
of @ is included in S. In the same way, it suffices to consider a Hélder continuous function
p on 0%4° and a continuous function on R whose supports are compact and such that

Vix_,x,)eS ¥Y(x_,x,5)= p@v(T(x_,x59).

neZ

One thus obtains 1,(®,¥) = I'(®,¥) + I (®,¥) with

@)=Y | oC.0u@p®o(Tee.xs+0)pldx_dx)ds
n=0 AOXR
and

L(@.P)=) [ ox_.x)u)y®v(T "(x_,x,s+ 1) u(dx_dx)ds.

n=1 A°xR

Let us first deal with the term I, (®, ¥). Identify (x_, x) with a bilateral sequence (a?);.,
with @ (x) = (af?);»; and w(x_) = (a; 7);.,. Using again a density argument, one may
suppose that ¢ and 1 do only depend on the unilateral sequence (a”),. _, with /> 0;
moreover, one may suppose / = 0 because the measure p is T-invariant. Then, for a suitable
choice of @ = ¢ ® u and ¥ =y ® v one has

Ir@v) =3 | %M(S)U’(T"(X))U(S-I-t—S,,f(x))v(dx)ds
:Jg“o j Fn(%®u)(x,s—t)tp(x)v(S)v(dx)ds,

On the other hand, since u ® / is T}-invariant, one has
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158 Dal’bo and Peigné, Negatively curved manifolds

I,_(cb,‘l’)=iO [ o@u(T'(x_,x,9))w(x_,x)v(s+ 1) u(dx_dx)ds

n=1 AOxR

and for a suitable choice of functions @ and ¥ one has

It_(@,q/)=+io | @(x)u(s)ﬁ"(%@v)(x,s+l)v(dx)ds.

n=1 AOxR

By the renewal theorem one obtains

o v(p) Ju(y)dy
i ﬁ"<—®u>(x,s—z)—”*—‘=o
tjl;rlw (x,s)zlsll}:l))p(‘z”) n=0 h V(f)
and
+

lim Y P'(py @ v)(x,s+1)=0.

t—> + n=1

The Lebesgue dominated convergence theorem allows us to conclude

Jim [(@.9) = @@ ()

which finishes the proof. O

VII. An harmonic renewal theorem to count closed geodesics on X/I"

Consider the equivalence relation ~ on I" defined by y, ~ 7, if and only if y, and y,
are conjugated in I'. For any class ce I’/ ~ choose y. = a'-- a;* in ¢ such that q; € o7,
a;.1* a; for 1 £i<k and a, #+ a,. Denote by %, the set of y, which are primitive (i.e.
7. % 7" for all y e I') and hyperbolic. Let y, = ai' -~ aj*€ € ; the expansion w(x, ) of the
attractive fixed point x, of y, is periodic with period af, ..., af*. Set [(y,) = d(z, y,(2))
where z belongs to the axis of y,; one has /(y,) — B, (0,7,(0)). Recall that 7:4° — A°
and f:4° - R are defined by T(x) = a™"(x) and f(x) = B,(0, a"0) where a" is the first
term of w(x). For any k=1 set S, f(x) =f(x)+ -+ f(T* 'x). Using the fact that
B, (yzy,72,) = B, (24, z,) for every isometry y and that B (zy,z,) = B,(z,, 2) + B,(z, z,)
one obtains /(y,) = S, f(x,;) for any y, = af' - af*€ .

Conversely, consider a T-periodic point x € 0. X and let k be its least period; one has

o(x)=all,...;a% aly, ..., ap% ... Sety = aft - a/; since a, + a, we have lim yP0 = x
p—>+

which shows that y is hyperbolic and x is its attractive fixed point. Moreover y € ¢, since
k is the least period of x.

Finally, the number 7(a) of y in €, — {a,, ..., oy, } such that /(y) < a is given by

+

1
n(a) =) A # {xeA°|x is T periodic, k is the least period of x and S, f(x) < a}.
k=1
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By corollary I1.3 the number n(a) is finite for every @ > 0. In this paragraph we prove the

Theorem VII.1. Let I' be an extended Schottky group and 6 be the exponent of

convergence of the Poincaré series associated with I'. Then, the function a — 1 (a) is equivalent
eaé

to 5 when a goes to + 0.
a

. . . . 1~ .
To prove this theorem, one approximates 7 (a) by harmonic potentials ) — P"; in
nx1

paragraph VIII we prove that (P, f) satisfies Properties R given in the previous section
which allows us to state the following result.

A harmonic renewal theorem. For any bounded Borel function ¢ : A — R whose
discontinuity points form a v-negligeable set in A and for any continuous function u: R — R
with compact support one has

=0.

+ 1 -
lim sup |4 Z, EP"(QD ®u)(x,—a)—v(q))ju(t)dt

a—>+w xeAd

In particular, if v(@) >0, and if u is a non decreasing continuous function from R*to R*

one has
+

1~
;Pn(fp ® u1[0,a])('x7 0)

a™=t . —1‘ =0.
v(9) [ u(p)dr

a o

lim sup

a—>+w xeAd

1
Notation. Let ¢>0 and A4 be a Borel set included in 4. Set g, = - and

h
+ o 1 -
éa(t) = eml[o,a](t)' FOI' any (X, [) 6/1 xR set N(x,a)(A) = Z Z Pn(gA ® éa) (X, O)
n=1

Applying the above harmonic renewal theorem with ¢ = g, and ul, ,, = ¢, one thus
obtains the following

Corollary VIL.2. For every Borel set A < A such that a(A) > 0 and with v-negligeable
ad

boundary, N, ,(A) is equivalent to h(x) e_é a(A) as a goes to + oo, uniformly in x € A.
a
Proof of theorem VII.1. Set
+ 1
N@ =) —#{xed®|T"x=xand S, f(x) < a}.
n=1 n

One has N(a) — N(a/2) < n(a) £ N(a); to prove theorem VII.1 it suffices to show that
lim @
am+o0 €*)ad

= 1. The following proposition is proved at the end of the current paragraph.
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160 Dal’bo and Peigné, Negatively curved manifolds

Proposition VIL.3 (perturbation of T-periodic points). There exists ko€ N* such
that for any k = k there exist a countable partition (A} ,)l>1 of open sets in A, a sequence
of positive constants (Cy;);»; with Y. C; < + 00 and 0, € R** with lim 0, = 0 such that

i>1 k— + oo

) lim o(4Z) =0,

k—+ o

(i) for any x,; in (A};) one has

+ +

Z h(xkl)N(xk a— 9k)(/1 )= N(a) = Z h(xkl)N(xk a+9k)(A )5

i=1 i=1

(ii)) Npy,, o(4%) < C 65 for any a > 0.

Xki,@)

Applying Fatou’s lemma in the left inequality (ii) of this proposition one has by
corollary VII.2

ao
e Z h(x) o (A) < hm 1nf T N(a).

i=1

In the same way, Lebesgue dominated convergence theorem and inequality (iii) give

ad
hm sup 3 — N(a) < " Z h(x, ) o(Ag)
i=1
so that
o= ao ao 0
ke Z h(x,;)o(42) £ llmlnf— N(a) < hm Sup 3 — N(a) £ " Y h(xy)o(AY).

i=1 i=1

+

Sinceg (A — A°) = 0and lim o(4g) =0onehas lim Y h(xy)o(4)) = fh(x)a(dx) =1.

k—+ o0 —>+ooi 1

ao
Letting k — 400 one obtains lim — N(a)=1. O
e®

a—>+

Proof of proposition VIL.3. Let ke N* and consider the equivalence relation %, on
A° defined by x4, y if and only if w(x) and w(y) have the same k first terms. This relation
induces a partition (4;);», on A°.

(i) Let us first prove that lim o(42)=0. Fix i>1 and for any xe 4}, set

k—+ o

O(x) = (af);2; and ;= afi -+ af; one has o(A%) = [ () (0)|* o(dy). Without
A0 — Aakk
loss of generality one may suppose a,, # a;;' for any k =1 (if this condition does not

hold it suffices to replace y,, with a,y,, where a, =+ akkl) Then y,, is hyperbolic and
lim @(y,,) = + oo by corollary II.3. Consequently

k— + o0

DZ(kaya x«,_kk) > ||D||2
Q(’})kk)DZ (y3 xy_kk Q(’ykk)Dz (Aakk’ akk)

(V)] =

so that lim o (4Y) = 0.

k- +
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(i1) Foreveryi=1fix xki € A7, Let x € Ay, such that T"x = x for some n = 1, denote
by X the unique point of A2 such that 7"% = x; and w(x), o (X) have the same n first
terms. There is a bijection between the sets {x e A°| T"x = x} n A, and T "({x,;}) N 4
the following lemma whose proof is given further allows us to control the difference

Suf(x) = S, /(%)

Lemma VIL4. There exist kye N* A, Be R** and 0 < r <1 such that for any | = k,
and any x, y € A° whose associated sequences w(x) and w(y) have the same | first terms,
one has | f(x) —f(»)| £ AD(Tx, Ty) < Br'.

Now fix k = ky; if T"x = x then w(x) and w(X) have the same n + k first terms so
+ oo

that | S, f(x) — S, f(%)| < 0, with 6, = B Y’ r'; inequalities (ii) of proposition VII.3 follow
immediately. 1=k

(iii) For any Borel set 4 = A4 set N, ,(A) = N(;,, o(4) + N,

(Xki»a

/(A) with

(xza a)(A) Z - Z 1 (y)i[O,a](Snf(y))

y/ Ty = Xii
and

Moo= 3 © % 1,00 0.0(S0f()).

n=k+1 v/ Ty =Xk

By lemmas 1.3 and 1.4 there exist C > 1 and sequences (K.), .+ o €.2Z such that for any
ye A° — A2 one has | (") (y)| £ CK,.. Fix i 2 1 and let a?, ..., aP* be the k first terms of
o(xy); for any 1 <n <k there is a unique ye A7 such that 7"y = x,; and one has
S,/(3) 2 |LogK,p. - K,p.| — nLogC. So

k
1
(xkl a)(A ) = Z [o a+nLogC](|L0gK : agr-|)-
n=1
: e~ e 1+ x0
Since x — is increasing on R, for any b > 0 we have 1, ,,(x) < +—5 and

50 Niy,, (4% < ¢ 8—5 with ¢ = ¥

n=1

— (14 6| LogKyp. Ky ) (Kypo o Ko

On the other hand

+ o 1
N(/;ckl a)(A ;) = Z - Z Z 1Agi (y)1[o,a](Sn—kf(Z) + Skf()’)) .

n=k+1 1 z/T" " kz=x3; y/Tky=z

If ye A° the k first terms of w(y) are the ones of w(x,) and so S, f(y) = A4,; with
Ay = LogK,p. -+ K,p.. We thus have N, (42) = Nig om0 (45 50 Niiyi a4,y (4%) = 0
+ " " ea(a Akl)

if a é Aki and, bzaacorollary VHZ, N(xki,a)(Aki) é C m
N = C' — 5 with C/' = C"e %4

if a> A,;. Finally

By the following lemma, the sums
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162 Dal’bo and Peigné, Negatively curved manifolds

Y > (K Kp) and Y Y |LogK,p K (Kypit oK)’
at, ..., axed pi,..., preZ* ag, ..., axesd pi,..., PrEZ*
ai+1+a; ai+1¥a

are finite so that )’ C/ and ) C; converge. O

i1 i1

Lemma VILS5. There exists ¢ > 0 such that ) K *< + o0 for every o€ <.

neZ*

Proof of lemma VI1.4. Fix x, y in A° such that the sequences w(x) and w(y) have
the same / first terms. By proposition V.1, there exist N =1 and B, >1 such that
D(T"x, T"y) = B, D(x, y); consequently D(x,y) < K,r' for some 0 <r<1 and K, > 0.

Now let o€ .o/ and n e Z* such that o" is the first term of the sequences w(x) and
o(y); T(x) and T(y) do not belong to A, and by lemmas 1.3 and 1.4 (applied with y = «
and E =4 —4,.) there exists K, >0 such that

I (@) (Tx) | = [(@") (TY)l
[ (") (Ty)]

One concludes using the local expansion |Log(1 + «)| < 2|u| for |u| small enough. O

< K, D(Tx, Ty).

Proof of lemma VIL.S. Fix o€ .o/; by lemmas 1.3 and 1.4, there exist 4, =1 and
(K,»), <7+ such that

K .
Vxed—A,. A“ S @Y (X)) S A,K,.

o

O'(Aﬁ)

Let § be in o/ — {a}; one has ) K. <a(|) a"(4,) < +0o0 so that the series

neZzZ* o neZ*
Y. KJ.converges. The same argument holds if one replaces I' with a subgroup I'; containing
nez*

o and B* for some k =1 and whose exponent of convergence is strictly less than & (this
is possible by the critical gap property). This readily ensures that the sum > K2 ¢ is finite
for some ¢ > 0 small enough. O nez

VIII. Spectrum of Fourier operators P,, A€ R

Recall that P is the transfer operator associated with (7, v); for every Borel function
¢ from 4 into R" one has

Vxed Po(x)=3 Y pa(x)e(a"(x))
aeod nel*
h(a"x)
h(x)
Furthermore, for every A€ R one has P,(¢) = P(e'o).

a(dy)
D(x, y)*

with p.(x) =1,_, .(x) |(@")(x)|* and h(x)= | for every xeA,..
A—Ay+

o

We consider the space L of functions ¢ from A into C such that

ol =|,+m(p)<+oo where |.|, is the norm of uniform convergence on A and
() =W . :

m(p) =sup sup D(.X—y)% with 0, = 1nf{1, 5} We have le L,Voe L ||, = ¢l

aed x,yE Ay
XFy
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Dal’bo and Peigné, Negatively curved manifolds 163

and L is dense in the space of continuous functions on 4 normed with |.|, . Moreover,
(L, ]].]]) is a Banach space and, by Ascoli’s theorem, the canonical one-to-one map from
(L,]].1]) into (L, |.],) 1s compact.

In the present paragraph we will use intensively the following result which is a
consequence of lemmas 1.3, 1.4 and VIL.S.

Lemma VIII.1 (dynamic of generators). For every o€ o/ there exists A, =1 and a
sequence (K,n), .+ such that

Kn
(1) Vxed = A, VneZ* = <)@ ()] < 4,K,.

(2) Vx,yed—A,.,VneZ* [[(@") ()| —[@) DI = 4,KnD(x, y).

Moreover if o is hyperbolic one has K, = 1/®(a)!"! with ®(x) > 1 and if o is parabolic one
has lim K}"=1and ) K °<+ o for some ¢> 0.

n—=+a neZ*
Let us now show that properties VI.1 (properties R) hold.
Property (R1).
Proposition VIIL.2. The operator P acts on L.

Proof. Since D(A,., Ag.) >0 for o, f € .o/, o + B, the function / belongs to L and
is non negative. Proposition VIII.2 is thus a direct consequence of the following result:

Lemma VIIL3. For every o€/ and every ne Z* the function p,. belongs to L;

furthermore, the sequence ( Hp“; I > is bounded.
neZ*

an

Proof. By lemma VIII.1, there exists 4 >0 such that for every neZ* and
every ae.o/ one has [(¢")(x)| =A4K,. and ’|(oc”)/(x)|—|(oc”)’(y)|‘ < AK,.D(x,y) for
every x,yed— A,.; this readily implies D(a"x, a"y) < AK,.D(x,y). Consequently

1
||pa"||oo é A|h|oo

K?. and for any x,ye 4 — A,. we have

il.
R s TR IS T U DD
)= a1 £ 2SO gy | by
e (ORI
<1 40D ()b AR D

+14l.,

1
7 (14 0)A°K2%.D(x, ).
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164 Dal’bo and Peigné, Negatively curved manifolds

The sequence < Hp“;” ) is thus bounded. O
ne7Z*

an

Property (R2). Recall that the function f from A° into R is defined by
f(x) = B,(0,a"0) where a" is the first term of w(x); we extend the definition of f in the
following way

Vaoeod, VneZ* Vxed—A,. [f(a"x)= B,.(0,a"0).
Proposition VII1.4. One has
) 0<v(f)<+oo,

(i) YVn=1 supP(f")(x) <+ o0.

To prove this proposition we have to estimate functions fo «", ne€ Z* on each set
A—A,., ae . The following lemma is a direct corollary of lemma VIII.1:

Lemma VIIL5. There exists K> 0 such that for any oa € of and ne Z* one has

sup [f(@"x)| = K|Log(K,)I,

XeEA— Ay
oa"x) — f(o"
p  LED L]
X, yeA— Ay D(X,y)
x+y

Proof of proposition VII1.4. (1) One has

VU Sl X 0 (fonaeni)

ae
neZ*

Slhle Y | fO@)]@") ()]0 (dx)

aed A—Ay+
neZ*

<K ) |LogK,.|K}.o(A4—A,.) bylemmas VIIL.1 and VIIL5

ae .
neZ*

<+o0o0 by lemma VIII.1.

The fact that v(f) > 0 is a consequence of the expanding property of T': since there exists
N e N* such that [(TV) (x)| = B, > 1 for every xe A° one has Sy f(x) = LogB,> 0 for
every x € A° so that v(Sy f) = Nv(f) > 0.

(i) By lemmas VIII.1 and VIIL.5, there exists C > 0 such that for any ne Z*
122 (f o I S N panll 1S 0] £ C'KGu | Log Kol

By lemma VIIL1 there exists ¢ > 0 such that ), Kj."* < + oo for a € .o/ which ensures that
t| n=1
IRDY ll_,| |Log(K,.)|'K3. < 400 as soon as [f| <& O

120 nx1
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Dal’bo and Peigné, Negatively curved manifolds 165
Property (R3). Recall that for any real number A € R the operator P, is defined by

P, ¢ = P(e'* ) for every bounded Borel function ¢ from A into R. We show here that P,
acts on L and we describe the regularity of the map 4 — P,.

Proposition VIII.6. For any A€ R the operator P, acts on L; moreover the mapping
)+ P, is analytic from R into the space (£ (L), || . ||$(L)) of continuous linear applications
on (L, || .1) with the usual norm.
Proof. Using lemmas VIII.3 and VIIIL.5 one obtains
e || < |Alm(fea") +1 = K| +1< 40

so that e'*/**" ¢ L; it readily follows that P, acts on L. Now, fix /, € R; using lemmas VIII.3
and VIIL.5 one can see that for ¢ small enough the series

Itl’

> Z Il e [ foaI'= 3 [l panll ll ol 2" el 172
10 ae aed
ne/Z* neZ*

converges; consequently one has

so that the map A +— P, is analyticon R. O

(lt)’ II’ ihof-an
Py = Z on(f) ) IIPmnIIIIUOf I feoa"l'>0 as N -+

1=0 1= N+1 aed
ne7*

Property (R4).

Proposition VIIL.7. One has P1,=1,, the eigenvalue 1 simple and isolated in the
spectrum of P and the corresponding eigenspace is C1,.

Proof. Since the probability v is T-invariant one has P1,(x) = 1,(x) for v-almost
all x in A. This property holds in fact for every point in A because P acts on L.

The description of the spectrum of P on L is based on the following theorem, due
to Ionescu-Tulcea and Marinescu and whose modern formulation can be found in [18].

Theorem (Ionescu-Tulcea and Marinescu). Let (E, ||.||g) be a C-Banach space and
Q a linear continuous operator on (E, ||.||g) whose spectral radius is < 1. Assume that there
exists on E a norm |.| such that

(1) the operator Q is compact from (E, ||.||g) into (E,|.|),

(ii) thereexist0<r<1,R > 0and N € N* such that Q satisfies the following inequality:

VoeE ||IQ%llz=rllell;+ Rlol.
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166 Dal’bo and Peigné, Negatively curved manifolds

Then Q admits at most a finite number of modulus one eigenvalues, the associated eigenspaces
are finite dimensional and the rest of the spectrum of Q on (E, ||.||g) is included in a disc of
radius strictly less than 1.

In order to control the spectrum of P on L we need the following
Lemma VIIL.8. There exist 0 <r<1, R>0 et Ne N* such that
VoeL [[PYoll=rlloll+Rlel,.
Iterating this inequality, one proves that (||P"||),~; is bounded so that

lim || P"||''" £ 1; consequently, by Ionescu-Tulcea and Marinescu’s theorem, the operator

n—+ oo

P on L has at most a finite number of modulus one eigenvalues, the corresponding
eigenspaces are finite dimensional and the rest of the spectrum is included in a disc of
radius strictly less than 1. Proposition VIII.7 follows, thanks to the

Lemma VIILY. Let ¢ € L such that Po = e%p. If #.o/ = 3 one thus has ¢ =1 and
¢ = Cl,, CeC; otherwise, # .o/ = 2 and there are two cases:

—e'=1and peCl,,
—e’=—1and peC (1,.— L4,0).
It remains to establish lemmas VIII.8 and 9.

Proof of lemma VIIL.8. By proposition V.1 there exists N=1 such that
inf |(TVY(x)| = B,>1. For a € .7 set
xeA°
Ay() ={a=(ay,...,ay)eA"|a;;, + a;for 1 £ j< N and ay + a};
for x,yed,,a=(ay,...,ay)€.dy(x) and k = (k,, ..., ky) € (Z*)N we thus have
k k k k 1
D (a11... aNNx, all... aNNy) é F D(X, y)
0

Set pip(x) = p (a2 a¥x) p(a®® - ak¥x) -+ pin(x); for @ € L and x, y € A4, we have
l%lk pal 2 N a; 3 N ay’ a

|[PYo(x) — PMo (M= )Y, pe@|e(al - ayx) — o (af' - ayy)|
aedn(a)
ke (z*)N

+lol, Y, |pa(x) —pi(»)]

ae n(a)

ke (24N
Sm(@) Y pa(x)D(df - ayrx, aft-- agry)®
ae on(a)
ke (Z*)N

+lol, Y 12 — ()]
ae dn(a)
ke (Z¥N

1 | Pa(X) — P (V)
= m(e) +1el, s Y
<B&O ae .,;1\]((1) D (xn y)éo
ke(@®N

> D(x, y)’.
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N
Note that Y [pe(¥) —peI S Y Y My(s. x,y) with
ae dn(a) aedn(a) s=1
ke (z*)N ke (Z*)N

M (5, %, 9) = Dats g (@57 ax)
X | pas (@syt - agx) — ppo(aisyt - agy) | pscs s ()
S P ey (g a ) m(pe) CV D (6, )0 py iy (V)

where C € [1, + oo[ is such that D(a"x, a"y)* < CD(x, y)’ foreveryae o/, x,ye A — A,.
and n e Z*; one thus obtains

1 N+1

m(PVp) < —- m(p)+

= 50
BO

Y 2 lpalllel,

c—1 aeof nel*

N+1

Y X el o

—1 aeod neZ*

1
and lemma VIIIL.8 follows with r = —and R =1+
Bg° C

Proof of lemma VII1.9. Let pe L and OeR such that Py = ep. Equalities
Pop =e¢p and vP = v imply P|¢|(x) = | ¢ (x)|v(dx)p.s; since ¢ and P¢ belong to L and
the support of v is A, this last equality holds for any x in A.

Suppose that #.o/ = 3. Let y, )" in 4 such that |@ (y)| = sup| @ (x)], | @ (y")]| = inf | (x)]
xeAd xeAd

and consider « € .o/ such that y and " do not belong to A4,. (such an o does exist since
#./ = 3); by a convexity argument we have [¢(y)| =[¢(@"y)| and [@ (V)| =@ ("))
for every n e Z*. Letting n — + o0, one obtains | @ (y)| =|¢@(»')| = |¢ (x,)| which ensures
that |¢@| is constant on A. Assume |¢| =+ 0; for every ae.o/ and xe A,. one has

=73 % ppx ACIEY and so @ (x) = e @ (B"x) for every B # « and n € Z*; letting

Beod nerl* (p(.X) .
n — + o0 one obtains ¢ (x) = e o (xz) which proves that ¢ is constant on 4 and that

el =1.
Suppose now .o/ = {o;, a,}. We have P(1, .) =1, . and P(1,.) =1, .. Moreover

Vxed,: Po(x)= ) Pu(x)pup (@hx) @ a5 x) = e (x).

n,meZ*

Let y, and y; in A,. such that [¢(y,)| = sup [@(y)] and [@(y)|= inf [p())]; by a

V€ Ay ye Ay}
convexity argument we have | (v,)| = |@ (@, 1,)| and [@ (7))] = @ (@'a, ¥)| for every
me Z*. Letting m — + oo, one obtains that || is constant on A,:. If @[+ 0 on 4,:,
one has ¢ (x) = e~ *¢(x,,) which proves that ¢ is constant on 4, and ¢*"” = 1. The same
conclusion holds on A,: which finishes the proof. O

Property (R5). We describe here the top of the spectrum on L of the operators
P,2+0.

Proposition VIII.10. For any A e R* the spectral radius of P, on (L,||.||) is strictly
less than 1.
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168 Dal’bo and Peigné, Negatively curved manifolds

Proof. Let peL;we have Vxed Pop(x)= ) Y pn.(x)e* @™o (a"x). To con-
aed nel*

trol the spectrum of P, we prove that P, satisfies hypotheses of Ionescu-Tulcea and
Marinescu’s theorem; if one replaces p,. with p,.e*/**" in the proof of lemma VIII.8 one
shows that there exist r€]0,1[ and A4, B> 0 such that

VoeL [P ol <rllell+ (4]l +Blol.,.

Iterating this inequality, one obtains that (P}"),., is bounded in (L, [|.||); the spectral radius
of P, is thus =1 and proposition VIII.10 is a consequence of the following

Lemma VIIL.11. For A =% 0 the operator P, does not admit eigenvalues of modulus one.

Proof. The equality P,p = ¢'%¢p gives P|p| = |¢| and so, by lemma VIIL9, |¢| is
constant on 4. By a convexity argument ¢ (x) = ¢~ @ ¢ (¢"x) so that lim /"™
n—>+ oo
does exist for every ae.o/ and xed— A,.. Suppose that « is parabolic; one has
lim f(«"x) =+ and lim f(«"*!x) — f(«"x) = 0. Consequently, for any a >0 there
n—>+ oo n—>+

exists a sequence (7,),», of integers such that lim f(a"<*!x)—f(a¢"*x) = a; it follows
- k- +

e* =1;and so 4 = 0. (Note that the existence of parabolic transformations in I' is essential
in the present proof.) O
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