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Abstract

We construct random walks on free products of the form Z> « Z¢, with d = 5 or 6
which are divergent and not spectrally positive recurrent. We then derive a local
limit theorem for these random walks, proving that x*"(e) ~ CR™"n~>/% if d = 5 and
w"(e) ~ CR™"n~%/%log(n)~'/? if d = 6, where ;™ is the nth convolution power of
and R is the inverse of the spectral radius of x. This disproves a result of Candellero
and Gilch [7] and a result of the authors of this paper that was stated in a first version
of [12]. This also shows that the classification of local limit theorems on free products
of the form Z% x Z? or more generally on relatively hyperbolic groups with respect
to virtually abelian subgroups is incomplete.
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1 Introduction

Let I be a finitely generated group and let u be a probability measure on I'. In the
sequel, we will always assume that p is finitely supported and symmetric. Denote by p*"
the nth convolution power of pu, defined by

p(z) = Z u(y) p(yy M y) . p(yn Ly @).
Y1, Yn—1 €L

Let us consider the random walk (X,,),, driven by p, or for short, the u-random walk,
starting at the identity element of I" which we write e. It is defined by X,, = g;...g, where
gr. are independent random variables whose distribution is given by u. Then, ™" is the
nth step distribution of the random walk, so for all z € T, 4*"(z) is the probability that
X, ==x.
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Exotic LLT at the phase transition in free products

We will also always assume that the random walk is admissible i.e. for every z € T,
there exists n such that p*"(z) is positive. In other words, every element of the group
can be visited with positive probability, i.e. the support of i generates I' as a semi-group
(hence as a group, since p is symmetric). Such random walks are also called irreducible
in literature. We also say that the measure p is admissible.

We denote by p the spectral radius of the random walk defined by

p = limsup p*" (z)'/™.
The spectral radius p belongs to [0, 1] and is independent of «, provided that 4 is admissi-
ble, see [25, (1.8)].

The local limit problem consists in finding the asymptotic behavior of x*"(z) as n
goes to infinity. We assume for simplicity that p is aperiodic, i.e. there exists ng such
that for every n > ng, u*"(e) > 0. In many cases, the asymptotics arising in local limit
theorems are of the form

w™(x) ~C,R™"n™%, (1.1)

where R = p~! is the inverse of the spectral radius. This is for example the case in all

abelian groups of rank d, with a = d/2, see [25, Theorem 13.12] and references therein,
and more generally in all nilpotent groups of homogeneous dimension D, with « = D/2,
see [2, Corollary 1.17]. This is also the case in all hyperbolic groups with o = 3/2, see
[14], [19] for the case of trees and [15] for the general case. Finally, to our knowledge,
this was also the case so far in all known examples of relatively hyperbolic groups.

In the context of free products of the form I' = 7% « 792 Candellero and Gilch [7]
gave an almost complete classification of every possible local limit theorem. In particular,
they proved that they always are of the form (1.1), with @ = 3/2 or @ = d;/2 and the
latter case can only happen if d; > 5. Although in this paper we will not work in the
general setting of relatively hyperbolic groups, let us mention that free products are the
simplest examples of such groups and results of [7] are being generalized to this setting
in recent works by the authors, see [9], [10], [12].

Our main goal in this note is to disprove [7, Lemma 4.5] and a similar statement that
appeared in a first version of [12]. In particular, we prove that the classification obtained
in [7] is incomplete: we derive a local limit theorem on Z3 * Z° of the form (1.1) but with
unexpected exponent a = 5/3, and a local limit theorem on Z3 * Z% which is not of the
form (1.1). Before stating our main results, let us introduce some terminology.

We consider the Green function G(z, y|r) defined by

Gz, ylr) =Y (@ y)r".

n>0

If 2 =y = ¢, we will often write G(e,e|r) = G(r). Its radius of convergence R is
independent of x and y, provided p is admissible and it is the inverse of the spectral
radius of u. All the groups under consideration in this paper will be non-amenable.
Consequently,

* by a landmark result of Kesten [18], R > 1 (see also [25, Corollary 12.5]),
* by a result of Guivarc’h [17], G(R) is finite (see also [25, Theorem 7.8]).

Following the notations of [9], we define [ (k)(r) by

IME)y = > Gle,n1|r)G(wy, walr)...G(zp—1, xelr) Gk, elr). (1.2)

T1,...,cp €l
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The sums I®) are related to the kth derivatives of the Green function. Precisely, by [16,

Proposition 1.9], M (r) = rG'(r) + G(r) and similar formulae hold for higher derivatives,

see [9, Lemma 3.2]. Following [9], we say that the random walk driven by u is divergent

if 71 (R), or equivalently G’(R), is infinite. We say that it is convergent otherwise.
Assume from now on that I' =Ty x I'y. We define for: =1,2

(2

I.(k)(r) = Z G(e, z1|r)G(z1, 22|r)...G(xk—1, Tk |7)G(ak, €]T7) (1.3)

T1,...,c €L

and we set
J®E () =1 () + 1P (). (1.4)

Still following [9], we say that the random walk driven by w is spectrally positive recurrent
if it is divergent and if J(®(R) is finite.

For i = 1,2, we also consider the first return kernel pr, , to I'; associated with ru
(see (2.2) for a proper definition). Then, pr, , defines a transition kernel on I'; and we
denote by R;(r) the inverse of its spectral radius. We say that the random walk driven by
w is spectrally degenerate along T'; if R;(R) = 1. When both R;(R) and R2(R) are bigger
than 1, we say that the random walk is spectrally non-degenerate.

Roughly speaking, when the random walk is spectrally degenerate along I';, the
free factor I'; has strong influence on its asymptotic behavior; we refer to [10] and
[11] for further details. This notion should be compared with what is called "typical
case" in [25], where another way of measuring influence of a free factor is given. By
[10, Proposition 2.9], these two notions coincide, in the sense that the "typical case"
corresponds to the case of a spectrally non-degenerate random walk. We refer to
Section 2 for more details.

All these quantities and definitions can be generalized to the context of relatively hy-
perbolic groups, replacing free factors with the appropriate notion of maximal parabolic
subgroups. The current classification of local limit theorems on relatively hyperbolic
groups is as follows. When the random walk is spectrally non-degenerate, the local limit
has the form (1.1), with a = 3/2 [10]. This was first proved by Woess [24] for random
walks on free products in the "typical case" situation. When the random walk is spectrally
positive recurrent, we can only prove the rough estimate p*"(e) =< R~"n~3/2, which
means that the ratio of the quantities on the left and right hand-side is bounded away
from 0 and infinity [9]. When the random walk is convergent and parabolic subgroups
are virtually abelian, the local limit theorem has the form (1.1), with a = d/2, where d
is the minimal rank of a parabolic subgroup along which the random walk is spectrally
degenerate [12]. Moreover, in this situation, one can only have d > 5.

Thus, we recover so far the classification given in [7] and presented above. Fur-
thermore, up to the present paper, for free products of the form Z% « Z% the case of
a divergent and not spectrally positive recurrent random walk was considered as not
being able to occur, see [7, Lemma 4.5]. As announced, we disprove here this result
and we actually construct such a random walk on I' = Z2 % Z¢, with d = 5 or 6. As a
consequence, the classification of possible behaviors of ;*" needs to be completed. We
also derive a local limit theorem for the random walk we construct. This is the first step
into this program.

Theorem 1.1. Let ' =Ty x 'y, with Ty = Z3, Ty = Z% and d € {5,6}. Fori = 1,2, let
v; be a finitely supported, admissible and symmetric probability measure on I';. For
a € [0,1], let u, be the probability measure pi, = avy + (1 — «)vy on I'. Then, there
exists a,, € (0,1) such that the p,, -random walk is divergent and not spectrally positive
recurrent.
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When either v, or v, is aperiodic, the same property holds for p,. From now on, in
order to simplify the argument, we assume that both measures v; and v, are aperiodic;
this allows us to avoid considering several sub-cases for the estimation of the Green
functions associated with the corresponding random walks on I'; and I's, see (4.2)
and (4.10) below.

Theorem 1.2. Assume that the measures v, and v, are aperiodic. Then, the p,, -random
walk given by Theorem 1.1 satisfies the following local limit theorem: If d = 5, we have

i (e) ~ CR™"n =%/

and if d = 6, we have
2 (€) ~ R~/ log(n) /2,

where R is the inverse of the spectral radius of y, .

Without assuming aperiodicity, the same asymptotics hold for ;*?", since p is sym-
metric, so its period must be 1 or 2.

Let us state that to our knowledge, the asymptotic for d = 6 in Theorem 1.2 gives
the first example of a local limit theorem on a non-amenable group which is not of the
form (1.1). For amenable groups, the situation is quite different and there exist many
examples where p*"(e) behaves like exp(—n©).

Up to a sub-exponential error term, this is the case for all polycyclic groups of
exponential growth [22], [1, Theorem 1] and for amenable Baumslag-Solitar groups [21,
Theorem 5.2 (5.2)], with ¢ = 1/3. This is also the case for lamplighter groups of the form
A 7% where A is a finite non-trivial group [21, Theorem 5.2 (5.6)], with ¢ = d/(d + 2).
Note that amenable Baumslag-Solitar groups and lamplighter groups are examples of
solvable non-polycyclic groups.

For d = 1, a precise local limit theorem for the lamplighter group of the form
™ (e) ~ Cn'/Sexp(—n'/?) was proven by Revelle [20]. This was further extended to
Diestel-Leader graphs DL(q, r) by Bartholdi, Neuhauser and Woess, see [4, Theorem 5.4]
and [3, Corollary 5.26]. Diestel-Leader graphs are not amenable when ¢ # r, since
the spectral radius of the simple random walk is smaller than 1, see [4, (1.3)]. Thus,
the examples of [4] and [3] already provide local limit theorems which are not of the
form (1.1) but of the form p*"(e) ~ C R "exp(—n®)n® for non-amenable graphs. However,
according to [13, Theorem 1.4] when ¢ # r, DL(g, ) is not quasi-isometric to the Cayley
graph of a finitely generated group.

We also refer to [6] where many other examples are given, beyond the class of
amenable groups. Asymptotics are only given there for —log 1*"(e) though. Thus, for
non-amenable groups, these examples only recover the fact that R > 1.

We now briefly outline the content of our paper. In Section 2, we give various
characterizations of spectral degeneracy in terms of quantities that are suited to the
study of random walks on free products. Along the way, we introduce functions and
quantities defined in [25]. The conclusion of this section is a useful characterization
of spectral degeneracy and divergence in terms of the sign of a single quantity, see
precisely Corollary 2.5.

In Section 3, we use Corollary 2.5 to prove Theorem 1.1, that is, we construct a
probability measure x on Z3*Z<, d = 5 or 6, which is divergent but not spectrally positive
recurrent. We will actually construct a family of probability measure . and exhibit a
phase transition at some «.. The measure p,, will have the required properties.

Finally, Section 4 is devoted to derive a local limit theorem for u,,, thus proving
Theorem 1.2. This is done by first finding precise asymptotics of the derivative of the
Green function G, (e, e) as r — R and then using Karamata’s Tauberian theorem. Most of
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the intermediate results in this section are of geometric nature and we believe it should
be possible to extend them to relatively hyperbolic groups, with (possibly challenging)
new arguments replacing those that rely on the combinatorial structure of free products.

2 Characterizations of spectral degeneracy in free products

Let I'y and I's be two countable groups whose identity elements are respectively
written e; and es. A word with letters in I'y or I's is either the empty word, or a
finite sequence w = aj...a;, with k¥ € IN such that for all ¢ € {1,...,k}, a; € I'1\{e1} or
a; € To\{ea}. It is called a reduced word if for all i € {1,...,k — 1}, the letters «; and
a;+1 do not belong to the same group.

The set of reduced words, written I'; * I'5, can be endowed with a group structure,
called the free product of I'y and I'; defined as follows. The identity element of I'y * 'y is
the empty word and the group law is given by the concatenation of two words followed
by reduction of the word thus obtained. For instance, if 'y =< s > and I'; =<t >,
the ENLEVER word stt~2s~! is not reduced since it can be simplified using the group
structures of I'; and I's. Its reduction is st ~'s~!. The product in ' *I's of w; = st?s~! and
we = §2t3 is wywo = st?st?, which is the reduction of the concatenated word st?s~1s%¢3.
ENLEVER Note that the reduction of st?s~'st~3 is st~ !, since in the reduction process
the letter e; is replaced by the empty word.

If for « = 1,2, the group I'; is generated by the set 5;, then I'; % I'; is obviously
generated by S; U Ss.

Let I' =T'y *I'; be a free product of two finitely generated groups. Consider finitely
supported, symmetric and admissible probability measures v; and v5 on I'y and I’
respectively. For « € [0, 1], set

to = avy + (1 — a)vs.

In the sequel, we write p for p, and we set a; = a and as = (1 — ). If a; > 0, the
probability measure p is finitely supported, symmetric and admissible on I'. Such a
probability measure is called adapted to the free product structure. We denote by R the
inverse of the spectral radius of i and by R; the inverse of the spectral radius of v;.
The Green functions G, G; and G of i, v and v; respectively are related as follows.
Fori=1,2, for every x,y € I';, forevery r < R,
G(z,ylr) _ Gi(@,ylG(r))

Gleelr) — Gile,elGi(r) 2.1)

where (; is a continuous function of r, see [25, Proposition 9.18] for an explicit formula.
We always have (;(R) < R; and for r < R, (;(r) < R;.

We denote by pr, , the first return transition kernel to I'; associated with ru, which is

defined as
proc(@y) =Y > rula z)u(z z) - ulzy ). (2.2)

n>1 zi,..,z2n¢T;

We denote by Gr, - the Green function associated with pr, ,, defined for all z,y € I'; and
all ¢t > 0 by

Gr, r(z,ylt) = Z(ppi,r)*"(az, y)t"
n>0

=> " > pro@@)pr (@) - proe(@n, ).

n>0  z1,..,xp€l;
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This can be written as

Gr, »(z,y|t) = Zt” Z Z z rku(x71z1)u(zflzg)...u(zk—llxl)

n>0 T1,..,xn €l (k121 zl,...,zkl¢F1

dooo> 0 rrulata)pr )z w0)

ko>1 21,21, €T

XX e uter ) )

kn>1zy,..,21k, €1

Each trajectory of the random walk from x to y can be decomposed in a unique way
in distinct successive excursions outside I';, which yields, for all » > 0,

Gr,.r(z,y[1) = Gz, ylr), (2.3)

see also [11, Lemma 4.4]. This is actually the main reason for introducing pr, ...

The fact that p is adapted to the free product structure readily implies that, if the
random walk ever leaves the factor I'; at some point x, then its first return in I'; will
necessarily be at the same point . Consequently, the first return kernel pr, , can be
written in our context as

pr; r(€,x) = a;rvi(x) + wide a,

where w; = w;(r) is the weight of the first return to e associated to ryu, starting with a
step driven by a;v;, j # i. Thus, [25, Lemma 9.2] shows that for any z,y € I'; and any

t>0,
G; (a:,y ‘ Qi ) . (2.4)

Gpi7r(x,y|t) = 1 — w;t

1—wit

In particular, fort =1,

1 oyr
Gr, . (z,y|1) = T—2.C <x,y ‘ - w')

Since Gr, (z,y|1) = G(x,y|r), we recover (2.1) with

C,‘(T) - ;T

B 17’[1}@‘.

Recall that following [11], we say that the random walk is spectrally degenerate
along I'; if the spectral radius of the first return kernel pr, r is 1. In this section, we give
several characterizations of spectral degeneracy, using the more standard terminology
for free products introduced in [25, Chapter 9]. First of all, the following result is proved
in [10, Proposition 2.9]. We detail the proof here for convenience.

Lemma 2.1. The random walk is spectrally degenerate along I'; if and only if (;(R) = R;.
Proof. By applying (2.4) witht =1+ ¢ and r = R, we get

1

GFi,R(x7y|1 +€) = 714—6)(;1 (xay ‘

- a;R(1+¢€) )

1-— wl(l + 6)

The condition € > 0 yields fﬁf_((l;’;)) > 2 — (;(R). Thus, there exists ¢ > 1 such that
Gr,,r(x,ylt) is finite if and only if there exists z > (;(R) such that G;(z,y|2) is finite,
which concludes the proof. O
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In [25], the situation where (;(R) < R; fori = 1,2 is called the "typical case". Thus,
Lemma 2.1 shows that this typical case corresponds to being spectrally non-degenerate.

Lemma 2.2. For all r < R, we have (;(r)G;(((r)) = a;rG(r).
Proof. Let us introduce the quantities U and U;, i = 1, 2, defined by

U(r)=Ule,e|r) = Z P((first return time of the p-random walk to e) = n)r"
n>0

Ui(r) = Ui(e,e|r) = Z P((first return time of the v,;,-random walk to e) = n)r".
n>0

By [25, Lemma 1.13 (a)], G(r)(1 — U(r)) = G;(r)(1 — U;(r)) = 1. Following [25, Proposi-
tion 9.18 (b)], the weight w; may be written as w; = U(r) — H;(r), where H; satisfies the

equation GV HL(r)
1+ G(r)Hi(r)

ie. G(r)H;(r)(1 — U;(¢i(r))) = U;(¢i(r)). The equality G;(1 — U;) = 1 yields
(

)-
JHi(r) _ Gi(Gi(r) =1
Gi(Gi(r)) Gi(Gi(r)

= Ui(Gi(r)),

ie.
1+ G(r)H;(r) = Gi(G(r)). (2.5)
Consequently, since G(r)(1 —U(r)) =1,
G(r) = ar oyr _ a;rG(r)
: l—w;  1-U(r)+Hi(r) 1+G(r)H(r)’
so by (2.5), .
“O=G@my :

Let us now introduce the notations § = RG(R), §; = R;G(R;) and § = min{0;/a;},
1 = 1,2. These parameters play a crucial role in the study of the Green function on free
products in [25, Chapter 9]. In particular, by [25, Theorem 9.19], it holds that 6 < 6;/«;,
i=1,2,s06<8.

The following statement gives a characterization of spectral degeneracy in terms of ¢
and 6.

Lemma 2.3. The random walk is spectrally degenerate along I'; if and only if we have

Proof. Assume that § = § = 6;/a;, i.e. RG(R) = R;G;(R;)/a;. By Lemma 2.2, we thus
have
Gi(R;)

Gi(G(R))
Since (;(R) < R;, we deduce that G;(R;) > G;(¢;(R)) and so (;(R) > R;. Finally,
¢i(R) = R, and so the random walk is spectrally degenerate along I'; by Lemma 2.1.

Conversely, if the random walk is spectrally degenerate along I';, then ¢;(R) = R; by
Lemma 2.1. This implies G;((;(R)) = G;(R;). Consequently,

Gi(G(R))  Gi(Ri)

Therefore, R;G;(R;)/a; = RG(R), i.e. @ = 6;/«;. Combining this with the inequality
6 < 0, we finally obtain 6 = 6. O

G(R)=R;
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Following [25, Chapter 9], let us introduce two functions ® and ¥ which are very
useful in the context of free products.
First, the function ¢ is defined implicitly by the formula

G(r) = o(rG(r))

for every r < R. This function is defined in general on an open neighborhood (inside the
complex plane) of the interval [0,0). Since G(R) is finite, it is also defined on [0, §].
Second, writing ®'(t) = %(t), U'(r) =49 (r) and G'(r) = 4% (r) we set
U(t) = d(t) — tP'(t).
By [25, (9.14)], letting ¢t = rG(r), we have

1
rU'(r)+1-U(r)

U(t) =

1
1+ 3, 50(n — 1)P((first return time of the y-random walk to e) = n)rm’

In particular ¥ is strictly decreasing on the interval [0, §] and satisfies U(¢) < 1 fort¢ > 0
and ¥(0) = 1. The equality G(r)(1 — U(r)) = 1 readily implies that

G(r)?

U(t) = ———. 2.6
(®) rG'(r) + G(r) (2.6)

Thus, ¥(0) = 0 if and only if G'(R) = oo, since G(R) is finite.

In our context of free products I' = I'; % I'y, we have by [25, Theorem 9.19]
(t) = 1 (ast) + Pa(aat) — 1 (2.7)
and

U(t) = Ui(at) + Wa(ant) — 1. (2.8)

Thus, both functions ® and ¥ can be extended on [0, §] and ¥ is still continuous and

strictly decreasing on [0, 0].

Lemma 2.4. The random walk is spectrally degenerate if and only if ¥(#) > 0. Moreover,

G'(R) is infinite if and only if ¥(6) < 0.

Proof. This statement is a consequence of [25, Theorem 9.22].

Assume first that ¥(f) < 0, hence by [25, Theorem 9.22], it holds § < # and by
Lemma 2.3, this implies that the random walk is not spectrally degenerate. Moreover, in
this case ¢ is the unique solution of ¥(¢) = 0 in (0, 6). In particular ¥ () = 0, hence G’(R)
is infinite.

Assume now ¥(f) > 0. Then, [25, Theorem 9.22] implies § = 6 and so the random

walk is spectrally degenerate. On the one hand, if ¥(f) > 0, then ¥(f) > 0 and so G'(R)

is finite. On the other hand, if ¥(0) = 0, then ¥(#) = 0 and so G’(R) is infinite. O

Let us conclude this section by summarizing the situation as follows.

Corollary 2.5. We have the following trichotomy.

« IfU(0) < 0, the random walk is spectrally non-degenerate and divergent.
« If V() = 0, the random walk is spectrally degenerate and divergent.
0

o If¥(0) > 0, the random walk is spectrally degenerate and convergent.
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3 A divergent not spectrally positive recurrent random walk

In this section, we construct an adapted random walk on I' = Z3 %« Z¢%, d = 5 or
6, which is divergent but not spectrally positive recurrent. Such a random walk is
necessarily spectrally degenerate and corresponds to the second case in Corollary 2.5.

3.1 Several incorrect lemmas

We first restate [7, Lemma 4.5] (switching the indices 1 and 2) and then explains how
it leads to a contradiction. This contradiction is what alerted us in the first place. The
flaw in the argument is quite subtle and we will come back to it in Section 3.3.
Incorrect Lemma 1. [7, Lemma 4.5] Assume that 6 = § = 65/a» and that G} (¢1(R)) and
G%(Ry) are finite, then if ¥(0) = 0, ®”(0) is finite.

Let us first explain how § = § = 65/, implies that both quantities G/(¢;(R)),i = 1,2,
are finite.

By [16, Proposition 1.9], the sum I(!) defined by (1.2) satisfies (V) (r) = rG’(r) + G(r)
and more generally, for all x,y € I', we have

d
p (rG(z,y|r) ZG x, z|r)G(z, y|r). (3.1)
zell
Similarly, for i = 1,2, we set
IG () = > Gile.alt)Gi(w,elt). (3.2)

zel;
Then, Igi) (t) = tG}(t) + G;(t),i = 1,2 and more generally, we have for every z,y € T,
d
7 (tGi(z,yt)) ; Gi(z, z|t) G (2, y|t). (3.3)

We will mainly use (3.3) for ¢t = (;(r). By induction, similar formulae hold for higher
derivatives, see [9, Lemma 3.2]. In the sequel, we will use in particular the one concern-
ing the second derivatives :

27‘I(2)(7“) =2rG(r) + 47’2GI(T) + 7"3GH(7")~ (3.4)

First, by [11, Proposition 6.3], the quantity
M = 3" Gle,2|R)G(z,e|R)

zel';

is finite. Using (2.1), we deduce that I(l)(g(r)) is finite. Consequently, for i = 1,2, we
have by (3.3)
Gi(G(R)) < oco. (3.5)

Now, by Lemmas 2.1 and 2.3, the equality § = 62/a- implies that the random walk is
spectrally degenerate along I'; and so (2(R) = R». Finally, G} ((1(R)) and G4(Rz) are
both finite.

Second, we need an explicit form of ®”. The equality
G(r) = ®(rG(r))
readily implies

G'(r) = (rG(r))®(rG(r)) = (rG'(r) + G(r)) @' (rG(r))
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and
G"(r) = (rG(r))"®'(rG(r)) + ((rG(r))')*@" (rG(r))
_ rG'(r)G"(r) +2G"(r)? / 20
= "G'(r) + G(r) + (rG'(r) + G(r))*@" (rG(r)).
Consequently,
" _ G(n)G"(r) = 2G"(r)?
" (rG(r)) = G £ G (3.6)
In particular, for r = R, we obtain
(I)N(G) _ G(R)G”(R) - 2G/(R)2
- (RG'(R) +G(R))
Therefore, if G'(R) is finite, then ®”(0) is finite if and only if G”(R) is finite.
Now, differentiating twice Equation (2.7), we get
O (t) = a2®" (art) + a3®" (ast), (3.7)

which implies that ®”(#) is finite if and only if ®}(«;0) and @} (as6) are both finite.
Finally, by Corollary 2.5, the condition ¥(#) = 0 is equivalent to the fact that the
random walk driven by p is spectraly degenerate and divergent. Thus, Incorrect Lemma 1

can be written as follows.

Incorrect Lemma 2 (Alternative version of Incorrect Lemma 1). Assume the random
walk driven by u is spectrally degenerate along I's. If G'(R) is infinite, then G} (R2) is
finite.

A more general statement also appeared in a first version of [12], which led the
authors to modify their statement. Define for:=1,2and ¢ > 0

15/ = Y Gile,alt)Gi(a, y[t)Gily, elt).

z,y€el;

By (2.1), the quantity J(® defined in (1.4) can be written as

TR IDG) 18 (G(r)
3 3°

G~ GG T GalGa(r) 8

In particular, since G(R) is finite, J(?)(R) is finite if and only if Igl)(Q(R)) and Igz) (C2(R))
are both finite. Applying (3.4) to G;, we have that
26:(r)18) () = GIGHGN) + 4G CHG) + GGG (3.9)
Since G;(¢;(R)) and G%((;(R)) must be finite by (3.5), we deduce that
JB(R) < o0 iff GY(i(R)) < 00,i =1,2. (3.10)

Thus, this lemma is a special case of the following wrong statement that appeared in a
first version of [12].

Incorrect Lemma 3 (Generalized version of Incorrect Lemma 1). In the context of
relatively hyperbolic groups with respect to virtually abelian subgroups, if G'(R) is
infinite, then J(®)(R) is finite, i.e. the random walk is spectrally positive recurrent.
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3.2 Constructing counterexamples

Let us disprove Incorrect Lemma 1. We still write oy = o and as = 1 — «. First, note
that there exists «a, such that

. ifa<ac,then§:92/a2<61/a1,
° ifa:ac,thengzﬂl/al:Gg/ag,
. ifa>ac,then§:91/a1<02/a2.

Therefore,

* if o < ., then 120, < 01 and W(@) = ¥ (12,0,) + Wa(6) - 1.

e if « = a,, then \11(9) = \111(91) + 1112(92) —1.
e if @ > a,, then 1_Ta01 < 65 and \11(5) = \111(91) + Uy (1_Ta01) —1.

As a consequence, the function « — ¥(#) is continuous, see also [7, Lemma 7.1].
We now set I' = Z%%Z% and we consider symmetric admissible and finitely supported
probability measures v; on I'; = Z%, i = 1, 2. It is well known that we have

*2n —2n, —d;/2
vich(e) ~ C;R{*"n /2,

see for instance [25, Theorem 13.12]. Now we choose d; and ds in such a way that

* Gi(R;) is finite, 1 = 1,2,
* G'|(R;) is infinite but G4(Rs) is finite,
* GY(R) is infinite.

These three conditions, together with the fact that R; = R, = 1 impose that d; =3 or 4
and d; = 5 or 6. From now on, we set d; = 3 and we write d = dy € {5,6}. In terms of
the functions ®; and ¥;, it holds ¥;(f;) =0, ¥5(f2) > 0 and &5 (62) is infinite.

It follows that ¥(#) = 0 when o = 1, that ¥(f) = ¥5(f2) > 0 when o = 0 and that
U(0) = ¥o(1=26;) — 1 < 0 when « € [a, 1). Thus by continuity, there exists o € (0, a)

such that ¥(#) = 0 when « = «,. This yields for this value «, of the parameter «
0=0=0y/as < 6/ai, with a; = a, and az = 1 — .

In other words, the fi,,, -random walk is spectrally degenerate along I's = Z¢ but not
along I'; = Z3. As a consequence, (;(R) < Ry and so G'(¢1(R)) is finite. The assumptions
of Incorrect Lemma 1 are hence satisfied, so it would imply that ®”(0) is finite, so ®}(6-)
is finite by (3.7). This is a contradiction, so we disproved Incorrect Lemma 1.

Notice that the probability measure i, satisfies the following properties.

the random walk is spectrally degenerate along I'y = Z¢,

the random walk is not spectrally degenerate along I'1 = Z3,

U (#) = 0, hence the ,, -random walk is divergent,

®Y(6) is infinite, i.e. G§((2(R)) is infinite. Thus J(? is infinite by (3.10) and the

Io, -Tandom walk is not spectrally positive recurrent.

W N -

If we assume that v; or v is aperiodic, i.e. ;" (e) or v3™(e) is positive for large enough
n, then p, is also aperiodic for every «. This can be obtained for instance assuming that
v1(e) and vo(e) are positive, i.e. by considering lazy random walks on the free factors.
This ends the proof of Theorem 1.1. O

We thus exhibited a phase transition at @ = «,, where the sign of ¥(6) changes, so
does the behavior of the random walk by Corollary 2.5. Moreover, the following holds.

EJP 0 (2020), paper O. https://www.imstat.org/ejp
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+ When ¥(f) < 0, the random walk is spectrally non-degenerate and by [10, Theo-
rem 1.1],
" (e) ~ CR™"n~3/2,

» when ¥(#) > 0, the random walk is convergent, hence spectrally degenerate. By
[11, Proposition 6.1], it cannot be spectrally degenerate along Z3. In this case, it
holds by [12, Theorem 1.3]

'u*n(e) -~ Cannfd/2.

As claimed in the introduction, at the phase transition a = a,, the local limit theorem
has an again different form. Showing this is the purpose of Section 4.

3.3 Identifying the mistakes in Incorrect Lemmas

The mistake in the former version of [12] when proving Incorrect Lemma 3 was to
assume that the spectral radius pg , of the first return transition kernel py , defined
in (2.2) were differentiable at » = R. However, this differentiability property is only
proved for convergent random walks.

The issue in [7] is more subtle. The authors write (;(r) = (;(R) + X;(r) and first find
a linear system of the form

C1VX1(r) + €37 Xs(r) + o(R— ) = LP;(r),

1 = 1,2, where LP; is a linear polynomial function. Then, they derive a contradiction from
this linear system, using the assumptions of Incorrect Lemma 1. On Page 19 of [7], they
expand (¢;(R) + X;(r))™ and then switch two sums to identify the coefficients CJ@, see
precisely [7, (4.8)]. However, switching sums is not legitimate, because the coefficients
in front of X;(r)* X;(r)*" involve successive derivatives of the Green function G; at ¢;(R)
and these successive derivatives can be infinite. This is typically the case when assuming
that ®”(f) is infinite and 6 = 63/a = 0, in which case the second derivative of Gy at
¢2(R) is infinite.

In any case, in both [7] and [12], the spotted invalid arguments are only related to
the proofs of Incorrect Lemma 1 and Incorrect Lemma 3 and do not affect the remainder
of the papers.

4 Local limit theorems

We consider from now on the adapted probability measure p,, on Z? * Z%, with
d =5 or 6. The pi,, -random walk is spectrally degenerate along Z?, divergent, but not
spectrally positive recurrent. Now that « is fixed, we write p = u,, for simplicity.

We also assume that v, and v» are aperiodic, i.e. v"(e) and v3"(e) are positive for
large enough n, so that u is also aperiodic. Our goal is to prove Theorem 1.2.

4.1 Asymptotic differential equations

By (3.1) and (3.4), the two quantities 7(!)(r) and I®)(r) are related to the first and
second derivatives of the Green function G. Similarly, by (3.8) and (3.9), the quantity
J®2) is related to the second derivatives of the Green functions G;, i = 1,2. One of the
main results in [9] in the context of relatively hyperbolic groups is the following rough
formula involving the quantities (2, I") and J® :

1) = (I(l)(r))3 T (r)

which means that the ratio of these two quantities is bounded from above and below.
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In the context of adapted measures on free products, the above rough estimates <
can be improved to the more accurate asymptotics ~ as follows.

Proposition 4.1. Consider an adapted probability measure u, on I' = I'y * I's, with
0 < o < 1 and assume that G'(R) = co. Then, there exist constants C, ¢1,cy and C’ such
that the following holds. Asr — R, we have

6'() ~ C (G0 (6 (G0) + a6 () - ).
In particular, if GY(¢1(R)) is finite and G4((2(R)) is infinite, there exists C such that
G"(r) ~ C(G'(r)” G(Ga(r).
Proof. On the one hand, by (3.6)

GG (r) = 2G'(r)?
(rG'(r) + G(r))?

(rG(r)) =

’ 2

The term % converges to 0 as r tends to R and G(r) converges to G(R) which

is finite. Thus,

" (rG(r)) ~ %,r — R.

On the other hand, by (2.7) and Lemma 2.2

" (rG(r)) = af®{(a1rG(r)) + a3 @} (azrG(r))
= o1/ (C1(r)G1(Gi(r))) + a3 P (G (1) Ga(Ga(1))).

Therefore, (3.6) applied this time to the Green functions G; yields

(rG(r)) ~ c1GY(Gu(r)) + 2G5 (Ca(r)) = C,

with
oo Gi(Gi(R)) i219
"TH(G(R)GI(G(R)) 4+ GilGi(R)))? ’
and
o 200G (¢ (R))? - 203G5(¢2(R))? .
(atmGiamy +auam))  (arGym) + GG )
This concludes the proof. O

We also prove the following result. Recall that the quantities I Z-(k) are defined in (1.3)
by
Mey= > Gle|r)Ga, a2|r)...Glar—r, 21|r) Gz, e]r).

T1,..,2K €L

Lemma 4.2. Consider an adapted probability measure pu, onI' =11 'y, with0 < a < 1
and assume that G'(R) = oo. Then, there exists C such that fori =1,2

& (P10) ~ e o).
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Proof. We write
7"2]2-(1)(7“) = Z rG(e, z|r)rG(x, e|r).
zel;
Using (3.1) twice,
d ( 2:1) d d
— (P10m) = 3 2 (0 Gle.x) rGla.elr) + rGle,alr) o (rGlaelr)

dr dr
xel;

=r > Y Gle,ylr)Gly, z|r)G(z, e|r)

zel'; yel’

+r Z Z G(e, z|r)G(z, y|r)G(y, e|r).

zel; yel’
Fix i € {1,2} and y € I'. Denote by z the projection of y on I';. In other words, y may be
written in its normal form as

Y= 2Yyi1y2...Yn,

where y; € I'7 if 2 € 'y and conversely. Since the random walk is adapted, it has to pass
through z before reaching y. In other words,

Gle.ylr) _ Gle,2lr) G(z,ylr)

Gle,elr)  Gle,e|r) Ge,e|r)’
see also [23, (3.3)]. Therefore,

Gleylr) = Gle, 2|r)G(z,ylr)

G(e,e|r)
and similarly, for all x € T,

1
G(e,e|r)
Thus, setting I', to be the set of y € I" which project on I'; at z, we get forall z € T,

> Gle,ylr)Gly, z|r) = m > D GlezIr)G(z,ylr)Gly, 2|r)G(z, a|r)
yer z€T; yeT ',

with

Gly,xlr) = Gy, 2|r)G(z, |r).

Y Glaylr)Gly.2lr) = Y Gleylr)Gly, elr)
yel', yele
by invariance by translation by z. In particular, for z =e,

Y Gle,ylr)Gly,elr) = W Y. > Glezlr)Giz elr)G(z,y|r)Gly, =Ir)

yel’ zel'; yel',
= G X 2 Cle G Gl sl G, ).
zel; yele
As a consequence,
1
ID(0) = —— )
(") = Gleemn? y; G(e,ylr)G(y.elr)I; (r)

and so forall z € T';,

1
= Gle. e y; G(e,ylr)G(y,elr)

1
= WU; G (2, y|r)Gly, 2|r).
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Combining all this, we get

I ()
> GleyInGlyalr) =~ Y Gle, NGz, alr).
yel’ Iz (’l") zel';
Similarly,
IO (p
S Glaglr)Glyselr) = S5 37 Gl )Gl el
yer I1;7(r) Zer,
Consequently,

Wy
L (P100) =r i S 5 Glen GGl

" i(T

which we rewrite

Since G'(R) = oo, (3.1) shows that ") (r) ~ RG'(r) as r — R. Furthermore, by [11,
Proposition 6.3], the quantity [ i(l)(R) is finite. Thus, we finally get

d 2 7(1) 2R2 1 (2)
= (V) ~ g e

as r — R. Since I (r) = G(r) + rG’(r) by (3.1), this concludes the proof. O

By combining Proposition 4.1 and Lemma 4.2, we get the following statement.

Corollary 4.3. Assuming that G’(R) is infinite, GY(¢1(R)) is finite and G%((2(R)) is
infinite, there exists C such that

S ok ()

Proof. By (3.5), the quantity G,((2(R)) is finite. Applying (3.4) to G, we get
Gy (Ga(r) ~ L7 (r).
The result thus follows from Proposition 4.1 and Lemma 4.2. O

We will also use the following result later on.

Lemma 4.4. We have
G(R) — Golr) ~ C<G2(C2(R)) - G2<<2<r>>).

Proof. By (3.5), the quantity G4(¢2(R)) is finite. Differentiating the Green function G5 at
C2(R) yields

Ga(t) = G2(G(R)) + G2(C2(R))(G(R) —t) + 0 (G(R) — 1)
Applying this at ¢ = (3(r) gives the result. O
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4.2 Proof of Local limit theorems

The proofs of local limit theorems for adapted random walks on free products of
abelian groups vary according to the cases.

The case ¥(f) < 0, also called sometimes the “typical case", was investigated by
Woess [25, Theorem 17.3]. The author proved that in a neighborhood of R in C\ [R, +0],
it holds that

G(z) = f(z) +9(:)VR — =

where f, g are analytic functions.

When ¥(6) > 0, Cartwright [8], then Woess [25] and Candelloro and Gilch [7] obtained
a weaker local expansion. For instance, Woess proved that for z near R and |z| < R,

G(z) = Polynomial(z) + R(z) + O((R — z)l(d2=2)/21+1)

where
(co+c1(R—2))(R — 2)(d2=2)/2 if ds is odd
R( ) = . A\ (d2—2)/2 _ . .
(co+c1(R—2))(R—2) In(R — z) if dsis even

with ¢y # 0 (unless d = 6 in which case there is an additional term (see [25, Theo-
rem 17.13)).

This allows in both cases to apply the classical Darboux’s method and Riemann
Lebesgue’s lemma: one identifies all singularities on the circle of convergence and then
subtracts part of the expansion near them, so that the remaining part is sufficiently
differentiable on {|z| = R}.

In the present case, we obtain the local expansion of the Green function near R by
studying the behavior near R of the solution of some differentiable equations. Neverthe-
less, this expansion is only valid on the real line (more precisely on |R — €, R, with € > 0).
This forces us to follow the strategy developed by Gouezel and Lalley in [16], based on a
crucial observation they made, proving the following Tauberian theorems.

4.2.1 Tauberian theorems for random walks

Everything is now settled to prove Theorem 1.2. It will rely on the following Tauberian
Theorem, which is a generalization of a crucial observation by Gouézel and Lalley.

Recall that for any a > 0, a function ¢ : (a, +00) — (a, +00) is said to be slowly varying
if for all A > 0, we have

lim fz)

=1.
z—oo ((x)

For instance, for all 3 > 0, the map log(x)” is a such a slowly varying function. We refer
to [5, Chapter 1.2] for more details.

Theorem 4.5. First order Tauberian Theorem for Random Walks, [16, Theorem 9.1].
Consider a symmetric admissible aperiodic random walk with law p on a countable
group I'. Let R > 0 be the radius of convergence of the Green function G(x,y|r). Let
£:(0,400) — (0,400) be a slowly varying function and let 8 > 0. Then the following
assertions are equivalent.

(i) Forall z,y €I, there exists C, , > 0 such that, asr — R,

dG(z,ylr)  Cayl(R/(R—1))
dr (R—1)8 '

(ii) For all x,y € T, there exists C’;’y > (0 such that, asn — oo,

p(w,y) ~ Coy R0 2 (n).
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Eventhough Gouézel and Lalley only wrote the direct implication in the case where

£(t) ~ 1, the same proof provides the general statement of Theorem 4.5. We provide the
proof of this general version for convenience of the reader. It relies on the following
Tauberian Theorem, where we use the letter G for the Euler I'-function.
Theorem 4.6. Karamata’s Tauberian Theorem, [5, Corollary 1.7.3]. Let (ay)n>0 be a
sequence of non-negative numbers such that the radius of convergence of the power
series A(s) = Y, ~oans™ is 1. Then for all ¢,3 > 0 and { : (0,400) — (0,+00) slowly
varying, the following assertions are equivalent.

a) Asn — oo, we have

Zak ~ enPl(n)/G(1 + B).
k=0

b) As s — 1, we have

~c
(1—s)°
Moreover, if the sequence (a,,) is ultimately non-increasing, both are equivalent to

c) Asn — oo, we have
an ~ enP~(n)/G(1 + B).

Proof of Theorem 4.5. We prove Theorem 4.5 assuming that x = y = e, still writing
G(r) = G(e, e, |r). The proof for the general case is identical.
Let us introduce the power series

A(s) = Z nu*™"(e)R"s" = (sR)G'(sR)
n>0
whose radius of convergence is 1, associated to the sequence a,, = nu*"(e)R™. A priori,

this sequence is not ultimately monotonous and we cannot apply directly Theorem 4.6.
Nevertheless, by [16, Corollary 9.4], there exists x > 0 such that

" (e)R" =g, + O (e7""), (4.1)

where ¢, is a non-increasing sequence. Theorem 4.5 is thus a direct consequence of
equivalence of Assertions b) and c) in Karamata’s Tauberian Theorem. O

Notice that the fact that S > 0 in the statement of Theorem 4.5 implies that G’(R) is

infinite. When G(R) and G’(R) are finite and G’ (R) is infinite, the proof of Theorem 4.5
can be immediately adapted to provide the following statement.
Theorem 4.7. Second order Tauberian Theorem for Random Walks. Consider a symmet-
ric admissible aperiodic random walk with law i on a countable group I'. Let R > 0 be
the radius of convergence of the Green function G(z,y|r). Let £ : (0,400) — (0, +00) be
a slowly varying function and let § > 0. Then the following assertions are equivalent.

(i’) Forallz,y €T, there exists C,, > 0 such that, asr — R,

dQG(:my\T) - Cmye(R/(R — T))
dr? (R—r)8 .

(ii’) Forall v,y € I, there exists C; , > 0 such that, asn — oo,
p (@, y) ~ Cry R0~ (n).

Similar statements hold for higher derivatives of the Green function.

Let us now prove the local limit theorems given in Theorem 1.2.
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4.2.2 The odd case

We consider the adapted probability measure u, constructed in Section 3 and we set
a = a, and write p = p,. Recall that the measures v; and v» are assumed to be
symmetric, admissible, aperiodic and finitely supported on I'y = Z? and on I'y = Z°
respectively. In particular, R; = Re = 1 by [25, Corollary 8.15] and

* the random walk is not spectrally degenerate along I'1, so G7(¢1(R)) is finite,
* it is spectrally degenerate along I's, so (2(R) = Ry =1,

* G3(1) and G%(1) are finite but G4(1) is infinite,

* G'(R) is infinite.

Moreover, it follows from classical local limit theorems that as n — oo, we have
v3"(e) ~ Cn—"/2,

see for instance [25, Theorem 13.12]. Therefore, Theorem 4.7 implies that the function
GY(t) satisfiesast — 1 :

1
v1—-1

By applying Corollary 4.3, there exists Cs > 0 such that as r — R,
G" d
G ol (i)
(@ (r)) dr

Integrating this asymptotic differential equation between r and R and using the fact that
G'(R) = oo yields

GU(t) ~ Oy (4.2)

1
— ~ RISV (R) - Cor? IV (r
G’(’r) 2 2 ( ) 2 2 ( ) 4.3)

= 0o (B(R) = 1)) + Co(B? — )V (R).

Indeed,
R "
G"(p)
= ORIV (R) — Cor? IV (r +/ o —£2 ) dp.
Gy~ R GrLOE el G2
For every ¢ > 0, there exists ry such that if » > ry, we have
1 12
(G'(r)) (G'(r))

and so

R GN(T)
K <<G/<r>>2> Y= Tay

By using (3.1) for the Green function G5, we get

4 (162(1)) = 1G4 (1) + Calt) = Y Gale )Gl ).

dt
zel's

For t = (5(r), we get Iél)(r) = % (G(r)Gh(Ga(r)) + Ga(Ca(r))). Thus,

Gzé%(%i”?g”(m _ W@”(r) = (1= GG + (Ga) = Galea) , o
+G(r) (Go(1) = G5(C(r)))
EJP 0 (2020), paper O. https://www.imstat.org/ejp
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with
1
G5(1) — G(Ga(r)) = o )G’z’(ﬂ)dp-
Therefore, by (4.2),
G5(1) — G5(Ca(r)) ~ C3y/1 = Ca(r). (4.5)

According to Lemma 4.4, the two first terms in the right-hand side of (4.4) are of order
of magnitude 1 — (3(r), while the third one has order of magnitude /1 — (x(r) by (4.5).

Consequently,
IV (R) — 157 (r) ~ Cay/T= G (). (4.6)
By Lemma 2.2, (3(r)G2({(r)) = aarG(r), so
0a(G(R) ~ G(r) = 26y co(m) ~ 2 6 o)
_G®) G(R) _ Gl
= 20 Galalm) - Ga(alr)) + Galcatr) (2 - )
G(R)

= I Ga(r)
= 22 (Ga(GlR)) - GalGalr) + GalGa(r) (R_ ( )

This readily implies
G(R) — G(r) ~ C5(1 = (a(r)) + Ce(R — 7).

Since G/(R) is infinite, (R — r) = o(G(R) — G(r)), hence

G(R) — G(r) ~ C5(1 = (a(r)). 4.7)
In particular, G(R) — G(r) = o(1), so applying 4.6, we get

IV (R) = 157 (r) ~ C7/G(R) = G(r).

The equality (R — r) = o(G(R) — G(r)) also yields

R —r?= o( GR) — G(r)) ,

hence by (4.3),

1
G0~ CsVER =G, (4.8)

Integrating between r and R, we have
(G(R) = G(r))*/? ~ Co(R — ).

Re-injecting this in (4.8), we deduce that

1
/
G (7") ~ Clom. (4.9)
Therefore, by Theorem 4.5, we have
’u*n(e) ~ 011R_n’l7/_5/3.
This concludes the proof of the case d = 5 in Theorem 1.2. O
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4.2.3 The even case

The proof for d = 6 is very similar. We still have that Ry = R; = (3(R) = 1, G'(R) = o0,
G(¢1(R)) < oo and GY(Rs) = co. We can thus apply Corollary 4.3, so that (4.3) and (4.4)
again holds in this situation. Moreover, the classical local limit theorem (see for instance
[25, Theorem 13.12]) gives now

vi™(e) ~ Cn~% as n — oo.

Therefore, it follows from Theorem 4.7 that the asymptotic (4.2) is replaced with

GH(t) ~ —Cylog(1l —t), ast — 1. (4.10)

As above, we integrate G, between (3(r) and (2(R) = 1 to obtain

1

G5(1) — G5(G(r)) = G3(p)dp.
Ga(r)

This time, using (4.10) yields
Gh(1) — G4(Galr)) ~ —Ca(1 — (o)) log(1 — Ga(r)).
We deduce from (4.4) that
LV (R) = IV (1) ~ —C3(1 — Ga(r)) log(1 = Ca(r)).
Applying (4.7) and Lemma 4.4, we have
IY(R) — IV (r) ~ —C4(G(R) — G(r) log(G(R) — G(r)).

As above, the fact that G'(R) is infinite yields (R — r) = o(G(R) — G(r)). Moreover, we
have G(R) — G(r) = o(1), so

R 2= o<<G(R> ~ G(r)) log(G(R) — G<r>>)7

hence by (4.3),

G ~ ~Co(GUR) = G oe(G(R) ~ Gr)). (@.11)
Integrating between r and R, we have
—(G(R) — G(1))?1og(G(R) — G(r)) ~ Cs(R — 1), (4.12)
which we rewrite as
~(G(R) ~ G os(G(R) ~ G(r)) ~ Co =L
G(R) - G(r)
Re-injecting this in (4.11), we deduce that
67~ S —aor )
Thus, by integration between r and R,
log(G(R) — G(r)) ~ Cglog(R —r). (4.14)
EJP 0 (2020), paper 0. https://www.imstat.org/ejp

Page 20/22


https://doi.org/10.1214/YY-TN
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Exotic LLT at the phase transition in free products

By multiplying (4.11) and (4.13) and using (4.14), we get

1
G/ (r)? ~ —Cy(R —r)log(R — 1),
i.e. 1
G/(T) ~ ClO . (415)

V—(R—r)log(R 1)
Therefore, by Theorem 4.5, we have

" (e) ~ CraR™"n~3/? log(n) /2.

This concludes the proof of the case d = 6 in Theorem 1.2. O
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