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Abstract

We prove the following entropy-rigidity result in finite volume: if X is a negatively curved
manifold with curvature —b% < Ky < —1, then Ent;op(X) = n — 1if and only if X is
hyperbolic. In particular, if X has the same length spectrum of a hyperbolic manifold Xy,
the it is isometric to Xo (we also give a direct, entropy-free proof of this fact). We compare
with the classical theorems holding in the compact case, pointing out the main difficulties to
extend them to finite volume manifolds.
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1 Introduction

The problem of length spectrum rigidity of Riemannian manifolds has a long history. The
fact that, in negative curvature (even in constant curvature), the collection of the lengths of
all closed geodesics, together with all multiplicites, does not determine the metric is well
known since [37]. On the other hand, on a compact, negatively curved surface X, the metric
is determined up to isometry by the marked length spectrum (that is, the map £ : C(X) — R
associating to each free homotopy class of loops in X the length of the shortest geodesic in
the class); this was proved by Otal [27] and, independently, by Croke [11]. The same is true
in dimension n > 3 for any compact, locally symmetric manifold X, of negative curvature:
the locally symmetric metric on X is determined, among all negatively curved metrics, by
its marked length spectrum. This is consequence of Besson—Courtois—Gallot’s solution of
the minimal entropy conjecture and of the fact, proved by Hamenstadt [20], that if a compact,
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negatively curved manifold X has the same marked length spectrum as a compact, locally
symmetric space Xo, then vol(X) = vol(Xj).!

Less seems known about the length rigidity of negatively curved, finite-volume manifolds:
most generalizations are not straightforward, and seem to require additional assumptions
(such as bounds on the curvature and on its derivatives, or the finiteness of the Bowen—
Margulis measure); we will try to point out some of these difficulties throughout the paper.
For instance, the fact that having the same marked length spectrum implies the existence
of a C%-conjugacy of the geodesic flow, would certainly require some new arguments for
finite-volume manifolds.?

Theorem 1.1 Let X be a finite volume n-manifold with pinched, negative curvature
—b? < K < —1 which is homotopically equivalent to a locally symmetric manifold Xo,
with curvature normalized between —4 and —1. If X and X have same marked length
spectrum, then they are isometric.

The proof of this is probably known to experts and follows a classical scheme: one can
construct a I'-equivariant map f : X — Xo between the universal coverings, which induces
a homeomorphism between the boundaries and preserves the cross-ratio; then, the conclusion
stems, for instance, from Bourdon’s result [6] on M6bius embeddings from locally symmetric
to CAT (—1)-spaces. However, the main difficulty, in the case of finite volume manifolds, is
to show that f is a quasi-isometry, the quotients X and X being non-compact; we will give
a short proof of this fact in Sect. 3, by way of example, to measure the difference from the
compact case.

It is tempting to approach the above problem by using a finite-volume version of Besson-
Courtois-Gallot’s entropy inequality, given by Storm [35]. For this, recall that the volume
entropy of X is the exponential growth rate of the volume of balls in X, defined as

Ent(X) = lim sup L Invol(Bx (x, R))
R—+00 R

where Bx(x, R) denotes the open ball of X with radius R, centered at the point X.
The volume entropy Ent(X) is related to the topological entropy E ntrop (X) of the geodesic
flow ®¢ on U X. The notion of topological entropy of a flow @, on a metrizable topological
space Y is well known when the space is compact, and it has been extended in [8] to the case
when it is non compact. Following R. Bowen, one first defines the entropy Ent(®,, d) of
the flow ®,, relatively to some distance d compatible with the topology of Y; this number
depends on d and is called the entropy relative to d; then, the topological entropy Ent;op(®y)
is defined as the infimum of the entropies with respect to all compatible distances d on Y.
It is well known that, in negative curvature, the topological entropy of the restriction of the
geodesic flow to its non wandering set equals the critical exponent of the group I' = 71 (X)
acting on the universal covering:

1
or := lim —In#{y € I'/d(x, yx) < R}
R—o0 R

1 By [18], two compact, negatively curved manifolds having the same marked length spectrum have
cO- -conjugated geodesic flow; moreover, if a compact manifold X has geodesic flow which is ol -conjugated
to the flow of a manifold Xo whose unitary tangent bundle has a C'-Anosov splitting (e.g., a locally symmetric
space), then X has the same volume as X, see [20]. The fact that, for compact manifolds, volume is preserved
under C! -conjugacies is much easier and relies on Stokes’ formula, cp. [12].

2 Cp. Lemma 2.4 in [18], which is central in the argument: it is based on the fact that the closed geodesics on
X equidistribute towards the Bowen—Margulis measure when X is compact. This property does not hold for
non uniform lattices as soon as the Bowen—Margulis measure is infinite.
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and complies with a variational principal, as proved in [29]. Recall that the non-
wandering set of the geodesic flow of negatively curved finite-volume manifolds equals
all UX so Entmp()?) = Ent;op(®g) = dr, and this also equals the exponential
growth of the function counting the number of closed geodesics of X with length < R.
As a consequence, the inequality Ent(X) > Ent,op()_() = ér always holds. It is classic that
for compact, negatively curved manifolds, one always has the equality Ent(X) = E ntrop X),
see [26]; however, when X has finite volume but is non-compact, Ent(X) can be strictly
greater than Entmp()_(), as shown in [14], [15].
In [35] Storm, generalizing [1], proves the inequality

Ent(X)"Vol(X) > Ent(Xy)"Vol(Xp),

for finite-volume manifolds X admitting a proper map of non-zero degree on a finite volume,
locally symmetric manifold X of negative curvature, and showing that the equality holds
only if X is isometric to X(. This result concerns the volume entropies’ of X, and not the
topological entropy. Therefore, one cannot apply directly this result to deduce Theorem 1.1,
since the volume entropy Ent(X) (unlike the topological entropy) is not a-priori preserved
by the condition of having same marked length spectrum, or by a conjugacy of the geodesic
flows. Moreover, it is not clear whether, for finite volume manifolds, the volume is preserved
under a conjugacy of the flows.*

The upper bound on the curvature Ky < —1 in Theorem 1.1 seems unreason-
ably strong, as it implies, when Xg is hyperbolic, that X has marked length spectrum
which is asymptotically critical: that is, its exponential growth rate §r is greater than
or equal to the corresponding exponential growth rate for Xo (cp. [14], Lemma 4.1).
We expect that the same result holds without curvature bounds, but, even in this weaker
form, we were unable to find a proof of this result in literature.

The knowledge of the full marked length spectrum can be relaxed, as we show in the
following result (which implies Theorem 1.1 in the real hyperbolic case):

Theorem 1.2 Let X be a finite_volume n-manifold with pinched, negative curvature
- < Kz =< —1. Then Entyop(X) > n — 1, and the equality Ent;op,(X) = n — 1 holds if
and only if X is hyperbolic.

The entropy characterization of constant curvature (and locally symmetric) metrics has
been declined in many different ways so far: in the compact case, the above theorem is due to
Knieper (see [24], where this result is not explicitly stated, but can be established following
the argument of the proof of Theorem 5.2); see also [4,10] for a proof in the convex-cocompact
case.

We want to stress here that a basic difference between Theorem 1.2 (or, more precisely, their
compact versions in [4,10,24]) and the celebrated entropy characterization of Hamenstédt
[19] of locally symmetric metrics, with same curvature normalization, is the lack of any
locally symmetric manifold X of reference homotopically equivalent to X. Actually, the
characterization given by Theorem 1.2 is very particular to constant curvature spaces and
it does not generalize, as it is, to locally symmetric spaces: indeed, it is easy to construct
compact, pinched, negatively curved manifolds with —b> < Kx < —1 having same entropy
as, let’s say, the complex hyperbolic space, but which are not complex hyperbolic.

3 Cp. the definition of the maps \L'f.’ in [35], which clearly require that c is greater than the exponential growth
rate of the universal covering of the manifold under consideration.

4 This seems unclear even under the assumption of a C ! -conjugacy; cp. the proof of Proposition 1.2 in [12],
where Stokes’s theorem fails, unless one knows that the conjugacy F has bounded derivatives.
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The same difference holds with the existing, finite volume versions of Besson-
Courtois-Gallot’s characterization of locally symmetric spaces, in particular with Boland-
Connell-Souto’s papers [3] and Storm’s [35]: these two works, together, imply that if a finite
volume manifold X with curvature K % < —1 has volume entropy Ent(X) = n — 1, then
it is hyperbolic, provided that one knows beforehand that X is homotopically equivalent to
a hyperbolic manifold Xg. Besides the difference between volume and topological entropy
stressed above, this strong supplementary topological assumption on X is not made in The-
orem 1.2.

Let us also point out that Knieper’s approach in [24] does not allow to deduce the above
characterization in the finite volume case. Although G. Knieper’s horospherical measure pt g
can be perfectly defined in this context (following section of [24]), it can easily be infinite, as
well as the Bowen—Margulis measure /1 y: given a finite volume surface X with convergent
fundamental group I" and with a cusp whose metric, in horospherical coordinates, writes as
A2 (t)dx2 + dr2, it is not difficult to show that /g 1s infinite as soon as

o0
/ M A()dt = +oo
0

(cp. examples in Section 3, [15]). Therefore, all formulas in [24] relating Ent,op()_( ) to the
trace of the second fundamental form of unstable horospheres need to be justified in some
other way.’

On the other hand, we will give in Sect. 4 a proof of Theorem 1.2 using the barycenter
method, initiated by Besson—Courtois—Gallot in [1,2], together with some careful estimates
of the Patterson-Sullivan measure, which will not need neither the finiteness of gy (or g )
nor the conservativity of the geodesic flow with respect to ;pps.

Also, notice that if we drop the assumption K > —b? in Theorem 1.2, the manifold X
might as well be of infinite type (i.e. with infinitely generated fundamental group, or even
without any cusp, see examples in [30]), hence very far from being a hyperbolic manifold of
finite-volume.

. . . . C
Notations. Given functions f,g : Ry — Ry, we will systematically write f < g (or

C
g > [) if there exists C > 0 and Ry > 0 such that f(R) < Cg(R) for R > Ry. We write

C C C
f=<gwheng < f < gfor R> 0 (orsimply f < gand f < g when the constants C and
Ry are unessential)

2 Geometry at infinity in negative curvature

Throughout all the paper, X will be a n-dimensional, complete, simply connected manifold
with strictly negative curvature b2 <Ky <-1.

Let X (00) the ideal boundary of X: forx, y € X and & € X (00), we will denote by [x, y]
(resp. [x, £[) the geodesic segment from x to y (resp. the ray from x to £), and by x&(¢) the
parametrization of geodesic ray [x, £[ by arc length. Let

be(x,y) = limE d(x,z) —d(z,y)

be the Busemann function centered at &; the level set d Hg (x) = {y | bz (x, y)| = 0} (resp. the
suplevel set Hg (x) = {y | bg(x, y) > 0} is the horosphere (resp. the horoball) with center &

5 For instance, Corollary 4.2 in [24] only holds for j f7-integrable functions, and cannot be applied as it is to
constant functions or to 17 U™ (v) to deduce Theorem 5.1, when gl = oo.
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and passing through x. We will denote by d the horospherical distance between two points
on a same horosphere centered at &, and we define the radial semi-flow (V¢ ,);>0 in the
direction of £ as follows: for any x € X, the point ¥¢ ;(x) lies on the geodesic ray [x, &[ at
distance ¢ from x.

Finally, recall that for any fixed x € X, the Gromov product between two points
&, n € X(00), & # n,is defined as

be(x, y) + by(x, y)

2
where y is any point on the geodesic &, n[ joining & to n; as Ky < —1, the expression
D,(&,n) = e~ EIMx defines a distance on X (00), which we will call the visual distance from
X, cp. [5]. Accordingly, the cross-ratio on X (00)* is defined as

Elmx =

Dy (§1.83) Dx (82, 84) _ lim 2d(P1.p3)+d(p2.pa)—d(p1.ps)—d(p2.p3)

D, (k1. &) D (82, £3) P23 g X
(p1,p2,p3,pa)—>(61,62,63.64)

[&1, 82,83, 84] =

for all &1, &, &, &4 € X (00), and it is easily seen that it is independent from the choice of
the base point x, cp. [28], [5].

We will repeatedly make use of the following, classical result in strictly negative curvature:
there exists €(¥) = log(ﬁ) such that any geodesic triangle xyz in X making angle
U = Z;(x,y) at z satisfies:

d(x,y) >d(x,z)+d(z,x) —€(®). (1)

2.1 On the geometry of finite volume manifolds

Consider a lattice I' of X. The quotient manifold X = I'\ X has finite volume, it is thus a
geometrically finite manifold which admits some particular decomposition which we now
recall. The following classical results are due to Bowditch [7], and we state them in the
particular case of finite volume manifolds:

a. The limit set of L(I") of I' is the full boundary at infinity X (co) and is the disjoint union
of the radial limit set L, (I") with finitely many orbits of bounded parabolic fixed points
Lpp(I') =T U...UT&; this means that each & € Ly, (I) is the fixed point of some
maximal parabolic subgroup P; of I', acting co-compactly on X (oc0) \ {§;};

b. (Margulis’ lemma) there exist closed horoballs Hg,, ..., Hg centered respectively at
&1, ..., &, such that y Hg, ﬂng =@foralll <i,j<landally e\ P;

c. The finite volume manifold X can be decomposed into a disjoint union of a compact set
K and finitely many “cusps” Cy, .. ., Cj: each C; is isometric to the quotient of Hy, by a
corresponding maximal bounded parabolic group P;. We refer to K and to C = U;C; as
to the thick part and the cuspidal part of X.

For any fixed x € X, let D = D(I', x) the Dirichlet domain of I" centered at x; this is
a convex fundamental subset of X, and we may assume that D contains the geodesic rays
[x, & [. Each parabolic group P; acts co-compactly on the horosphere d Hg; which bounds the
horoball Hg,; setting S; = DN 3 Hg, and C; = DN Hg, ~ S; x R, the fundamental domain
D can be decomposed into a disjoint union

D=KUCU---Uq 2)
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where K is a convex, relatively compact set containing x in its interior and projecting to the
thick part K of X , while C; and S; are, respectively, connected fundamental domains for the
action of P; on Hg, and 3 Hg,, projecting respectively to C; and S;.

2.2 Growth of parabolic subgroups

The subgroups Py, s, P; will play a crucial role in the sequel; the growth of their orbital func-
tions is best expressed by introducing the horospherical area function.
Let us recall the necessary definitions:

Definition 2.1 (Horospherical Area) Let P be a bounded parabolic group of isometries of X
fixing & € X (00): thatis, P acts cocompactly on X (0o) \ {&} (as well as on every horosphere
centered at£). Givenx € X, let S, be a fundamental, relatively compact domain for the action
of P on d Hg (x): the horospherical area function of P is the function

.Ap(x, R) = vol [P\l[fgyk (aHg(x))] = vol [1//qu (SX)]

where vol denotes the Riemannian measure of horospheres.

Remark2.2 When —b% < Kx < —a? < 0, well-known estimates of the differential of the
radial flow (cp. [21]) yield, for any t € Rand v € T'x

e v <l die ) e v | 3

Therefore we deduce that, for any A > 0,

e~ (i=DbA Ap(x, R+ A) < e~(ni=Daa @)
Ap(x, R)

The following Proposition shows how the horospherical area Ap is related to the orbital
function of P, cp. [14]:

Proposition 2.3 Let P be a bounded parabolic group of X fixing &, with diam(S;) < d.
There exist Ry and Ao only depending on n, a, b, d and constants C = C(n,a, b,d) and
C'=C'(n,a,b,d, A) such that, for any R > bg(x,y) + Ro and any A > Ao, the numbers
vp(x,y, R) and vlé (x, ¥, R) of orbit points of Py falling, respectively, in the balls B(x, R)
and in the annuli A®(x, R) satisfy:

R+0b
vp(r.y. R) = (p e Pld(x. py) < R} < ( i y))
c’

A R+b
vé‘(x,y,R)={peP|R—5<d(x py)<R+2} A;l(x M)

2

3 Length spectrum and rigidity

This section is devoted to the proof of Theorem 1.1.
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Let I' be the fundamental group of the manifolds X and X, acting by isometries on their
Riemannian universal coverings X and X respectively. We will construct a I"-equivariant
homeomorphism f : 9X(00) — Xo(c0) and apply the following:

Theorem 3.1 (cp. [6]) Let X be a CAT(—1)-space and Xo a symmetric space of rank one,
with curvature —4 < Ky, < 1. Assume that fy : X(00) — Xo(o0) is a I'-equivariant
homeomorphism which preserves the cross-ratio: then there exists a I -equivariant isometry
f X — Xo whose extension on X (00) coincides with fx.

For this, we fix x € X and xo € X and consider the natural I'-equivariant bijection
¢ : 'x — T'xg. The main difficulty here is to show the following:

Proposition 3.2 The map ¢ is a quasi-isometry between the orbits, with respect to the dis-
tances induced by the Riemannian distances of X and X respectively.

We assume Proposition 3.2 for a moment. Since X and X have finite volume, the limit
set of I" coincides with the full boundaries X (00) and Xo(c0) = S$"~! and the map ¢ extends
to a bi-Holder and I'-equivariant homeomorphism f,, between these boundaries, endowed
with their natural visual metric from x and xg.

Now, the fact that X and X, have the same marked length spectrum implies that foo
preserves the cross ratio; this follows for instance from [28]. For the sake of completeness,
we will give a proof of this fact at the end of this section (Proposition 3.5), based on an
argument from [23] (where the same is proved for symmetric spaces).

We conclude by 3.1 that there exists an isometry between the quotients X and Xj. m]

Proof of Proposition 3.2 Let us first show that there exists A > 1 such that, forall y € ', we
have

do(x0, yxo) < Ad(x, yx) + A. (©)

Consider the decomposition of X described in Sect. 2.1: we denote by H the set of pairwise
disjoint horoballs which project on the cuspidal part of X, so that K=x \UgenH =TK
is the subset of X projecting to the thick part K of X.

We assume that d(H, H') > 1 for any H # H' in H, and set diam(K) = D.

For any y € I', the geodesic segment [x, yx] intersects at most N < d(x, yx) distinct
horoballs H € H and can be decomposed as

x,yx] = [xg 27 TUx L xf TU - U ey, vy ]

where xJ = x, xy = x, and where [x;", xl.+] is equal to [x, yx] N H; for some horoball
H; € 'H and each [xf,xl;]] is included in K. Then, there exist elements gi € I' and
pi€ PLU---UP, forl <i <N —1,withgy ==y, such that x;” € g,'IC,)ci+ € gipik;
moreover, set y; 1= pi__llgi__llgi for 1 <i < N with the convention py = go = 1.

Notice that all the geodesics [x, y;x] are included in a D’ = D’(D)-neighbourhood of K
in fact, the length of the broken geodesic [xi+, gipix]Ulgi pix, gi+1x]U[gi+1x, x[-;l] exceeds
the length of [)ci+ . X; 1] atmostof 2D, so (the curvature being bounded above by —1) it stays
D’ (D) close to [xi+ SXi ]; by construction this last segment does not enter any horoball of
H,io [gipix, giv1x]and [x, yit1x] = plflglfl [gi pix, gi+1x] stay in the D’-neighbourhood
of K.
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Now we have y = y1p1y2--- YN-1PN-1VN> SO

N N—1
do(xo, yx0) < Y do(xo, vixo) + ) do(xo, pixo). ©)

i=1 i=1

On the other hand

N N-1
d(x,yx) = Zd(xltl,xf) + Z d(xf,xf)
i=1 i=1

> =

N—-1
> Y d(gi1pio1x, gix) + y_ d(gix, gipix) —4(N — 1)D

i=1

N
d(x,7ix) + ) _d(x, pix) —4(N =)D

i=1

I
M=

which in turn yields, as N < d(x, yx),

N N
Do dx,yix) + Y _d(x, pix) < (1+4D)d(x, yx). @)

i=1 i=1

To obtain inequality (5), it is thus sufficient to check that it holds for each y; and p; which
appears in the sums (6) and (7). This is proved in the two following lemmas:

Lemma 3.3 Forany D' > 0, there exists C > 0 such that
do(xo, yx9) < Cd(x,yx)+C

forany y € U such that [x, yx] lies in the D'-neighbourhood oflz.

Lemma 3.4 There exists C' > 0 such that, for any parabolic isometry p € Py U---U P

d(x, px) < do(xo. pxo). ®)

Switching the roles of (X,d) and (Xo,dp), we obtain the opposite inequality
do(xo0, yx0) < Ad(x, yx) + A, which concludes the proof of Proposition 3.2. m]

Proof of Lemma 3.3 Let y € T such that [x, yx] lies in the D’-neighbourhood of I%, and let
xo = x, xy = yx and x1, ---, xy—1 be the points on the geodesic segment [x, yx] such
that d(x,x;) = iD for0 <i < N — 1, with N — | = [d(x, yx)]. There exist isometries
ho=1,hy,--- ,hn—1,hy = y in " such that d(x;, hjx) < D + D', setting k; = h;_llhi,
we then have y = kjkp -+ - ky. Now, forany 1 <i < N, we have d(x, kix) <1+ D + D/,
so every k; belongs to the finite set B := {k € I'|d(x,kx) < 1+ D + D'}. Setting
C := max{dy(xo, kxo) | k € B}, we obtain

N

do(x0, yX0) < Y do(xo, kixo) < NC < Cd(x, yx) + C.
i=1
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Proof of Lemma 3.4 Let us first notice that if p € T acts on X as a parabolic (resp. a hyper-
bolic) isometry, then it acts in the same way on Xo: actually, the infimum of the length of
curves in X in the free homotopy class of a parabolic element p is 0 and this condition is
preserved since X and X have the same length spectrum.

Then, let &1, ...,& € X(oo) be the fixed points of the maximal parabolic subgroups
Py, .., P, of T" such that the geodesic rays [x, [ are included in the Dirichlet domain
D, as described in the Sect. 2.1, and call £/ the corresponding parabolic fixed points
of X¢(00); in order to simplify the notations, we set P = P;, & = & and &' = &
Fix a finite generating set S for P and let | - |s be the corresponding word metric.
As P acts cocompactly by isometries on (dHg(x), ds) and on (dHg (x0), dg’) we know
that these metric spaces are both quasi-isometric to (P, | - |s). In particular, there exists a
constant ¢ > 0 such that, for any p € P

1
;dg(x, px) — ¢ < dgr(xo, pxo) < cdg(x, px) +c. ©)

Now, by the bounds on curvature b2 <Ky <—1we get (cp. [21])

. (d(x, px) 2 (b
2 sinh — §dg(x,px)§zsmh Ed(x,px)

hence d(x, px)/d(xo, pxo) g 1 for a constant C’ > 0 only depending on b and c. O

Proposition 3.5 Let o and 8 be two hyperbolic isometries in I with, respectively, repelling
and attractive fixed points o~ , at, =, BT). Then

nEToo G @OHEDE ) — [~ g~ ot BT

where [(y) denotes the length of the closed geodesic corresponding to y for any y € I.

The set of couples («~, &™) of all hyperbolic fixed points of I" being dense in X (c0)?2, this
shows that [ foo(61), foc(82), foo(83), foo(§4)] = [61, 62, &3, 641 V&1, 62, &3, 64 € X (00).

Proof of Proposition 3.5 Fix x € X. Forn > 0, set y, = p"a", and let y,, v, be its
repelling and attractive fixed points. Consider two sequences of points a; € Jo~, ™[ and
b €187, B such that limg_ 1o ax = o~ and limy— 100 by = BT moreover, we can
choose a sequence n; — oo such that limy_, (o @ a; = ot and limg_, 400 B by = B~
Now, for each k, let B; be a compact ball centered at x containing ax and by. Notice that
¥, and v, tend respectively to &~ and BT, so the sequence of geodesics 1y, , y,"[ tend to
Joe™, BT [: namely, for k fixed, the distance between ]y, , y,F[ and Ja—, B[, restricted to the
compact set By, tends to O when n — o0o. We can then choose n large enough so that

d(1ar vl NBe Y™, BHINBL) < 1/k

Call ay, by, the projections of ax, by on 1y, , v,:[; so, the sequences (a;)x and (by)x also
converge respectively to o~ and 8T, and the sequences (c'* ap)k, (B b)) respectively to
at and g~.
We then have:
pdlap.a"kap)+d(B~ kb by) eda.a"kag)+d(B~"k by, by)

— — + + . .
a B, a, = lim = lim 10
o Al k—oco pd(ap.bp)+d(B"kbp.a"kap) koo Hdlap.by)+d (BT kb ok ay) (10)
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by definition of the cross-ratio. Notice that the numerator gives exacty ¢/©@" )" a5 the
points a; and by lie on the axes of «, B respectively. On the other hand, for k > 0

d(ag, by) +d(B~" b, o™ ap) = 1(yn,). an

Indeed, let Vg (bx) be the hyperplane orthogonal to the axis of B, passing through b;. When k is
large enough, the point a"aj is close to o, in particular it belongs to the half space bounded
by B (V(by)) which contains ; consequently, the point y,,a; = B" o aj, belongs to
the half-space Vg (by) which contains BT, so b,/( lies on the geodesic (yn_k, yn*;) between a,/(
and yy ay. As d(by, yn,ap) = d(B~" by, a"*a,), the equality (11) readily follows. Letting
k — +o0 in (10) then achieves the proof. O

4 Entropy rigidity

This section is devoted to the proof of Theorem 1.2. The proof is through the method of
barycenter, initiated by Besson-Courtois-Gallot [1], [2], and follows the lines of [10] (Theo-
rem 1.6, holding for compact quotients). The main difficulty in the finite volume, non compact
case is to show that the map produced by the barycenter method is proper: we will recall
in Sect. 4.2 the main steps of the construction, referring the reader to [10] for the estimates
which are now well established, while we will focus on the new estimates necessary to prove
properness. For this, we will need accurates estimates of the Patterson-Sullivan measure of
some subsets of X (00), which we will describe in the first subsection.

4.1 On the Patterson measure of non uniform lattices

The Patterson-Sullivan measures of I" are a family of finite measures i = (i), indexed by
points of X and with support included in the limit set LI" C X (00), satisfying the following
properties (cp. for instance [36], [32] for details about their construction):

1. they are absolutely continuous w.r. to each other: for any x, x’ € X

d:u/x’ (é) — e*ﬁrbg(x/,x) (12)
diy

2. they are I'-equivariant: for every y € I' and every Borel set A C X (00)
we(y ™ A) =ty (A) (13)

When T is a lattice, we will use the decomposition of X explained in Sect. 2.1 to describe
the local behavior of Patterson-Sullivan measures of I' on the limit set Ar = X (00).

For x € X and ¢ € X(o0), we consider the point x¢(R) at distance R from x on

the geodesic ray [x, {[, and define the “spherical cap” V;(x, R) C X(oo) as the set of
points of X (co) whose projection on the geodesic ray [x, ¢[ falls between x¢(R) and ¢.
The proposition below gives an uniform estimate, which will be crucial in the sequel, for the
measure jy (Ve (x, R)) of “small” spherical caps, i.e. when R > 0.
So,let D =K UC; U---UC be adecomposition of the Dirichlet domain of I" centered at
some fixed point x, corresponding to the maximal, bounded parabolic subgroups Py, ..., P
of I" with fixed points &, ..., & as described in 2.1. If x (R) projects to the thick part K of
X, then formulas (12) and (13) easily give the uniform lower estimate:

1, (Ve (x, R)) = e IR (14)
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(where c is a positive constant, depending on the minimal mass of a spherical cap at distance
less than D = diam(K) from x). On the other hand, when x¢(R) projects to the cuspidal
part, we have:

Proposition 4.1 There exists a constant ¢ > 0 satisfying the following property.
Let ¢ € X (00) and assume that the point x{(R) belongs to yC;i, R > 0. Then:

1 (Ve (x, R) = e PB4y (1, 2r) )
where r = bg, (x, y "'x¢(R)).

This estimate stems from a series of technical lemmas, and might be deduced from work
developed in [31] and [34] (notice however that, in [31], t, has no atomic part, and in [34]
the parabolic subgroups are assumed to satisfy an additional, strong regularity assumption).
Since the estimate is of independent interest, we will report for completeness the proof of
Proposition 4.1, in full generality, in the Appendix.

4.2 Entropy rigidity : proof of Theorem 1.2

Let X = I'\ X, fix a point xo € X and call for short bz (x) = bz (x, x0).
The function b is strictly convex if Ky < —1 < 0, since for every point y we have:

Hessy bg > gy — (dbg)y ® (dbg),y (16)

where g denotes the metric tensor of X; moreover, it is known that if the equality holds in
(16) at every point y and for every direction £, then the sectional curvature is constant, and
X is isometric to the hyperbolic space H". The idea of the proof is to show that the condition
ér = n — 1 forces the equality in (16).

Recall that, for every measure p on X (0o) whose support is not reduced to one point,
we can consider its barycenter, denoted bar[u], that is the unique point of minimum of the
functiony > B, (y) = f X(0) e’ d (&) (notice that this is C2 and strictly convex function,
as bg (y) is). If supp (i) is not a single point, it is easy to see that lim,_.¢ B, (y) = 400 for
all £ € X(o0) cp. [10].

Consider now the map F : X — X defined by

F(x) = bar I:e*bf(x)ux] = argmin |:y [ / ebs(y’x)dp,x(é)]
X

(00)

where (uy) is the family of Patterson—Sullivan measures associated with the lattice I
In [10] it is proved that the map F satisfies the following properties:

a. F is equivariant with respect to the action of I', i.e. F(yx) = y F(x);
b. Fis C2, with Jacobian:

M) det™ " (ky) 17

[JaccF| < (

where ky (u, v) is the bilinear form on 7 X defined as
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Sxooy €5 F D [ (@be)}, + Hessraobs | (e, v) dpa(§)
S0 €O dpa (@)

Notice that the eigenvalues of k, are all greater or equal than 1, by (16).
Property (a) stems from the equivariance (i) of the family of Patterson-Sullivan measures
with respect to the action of I', and from the cocycle formula for the Busemann function:
be (xp, x) + be(x,y) = bg(xo, y). Property (b) comes from the fact that the Busemann
function is C2 on Hadamard manifolds, and is proved by direct computation, which does not
use cocompactness.

By equivariance, the map F defines a quotient map F : X — X, which is homotopic to
the identity through the homotopy

ky(u, v) =

(18)

F,(x) = bar [e*bém (tpx + (1 — z)xx)] mod T, te[0,1]

where A, is the visual measure from x (with total mass equal to the volume of sn—hy,
Actually, the map F; = bar [e*[’E O (tpye + (1 — t)AX)] defines a map between the quotient

manifolds, as it is still I'-equivariant; moreover, we have bar [e*bE ()‘)AX] = x since, for all
veTX:

(8,420, ) @)= /X

We will now prove that:

(dbg) (v)e”Me WDy (&) = / gx(u, v)du = 0.

(c0) Uy X

Proposition 4.2 The homotopy map F; is proper.

Assuming for a moment Proposition 4.2, the proof of Theorem 1.2 follows by the degree
formula: since F is properly homotopic to the identity, it has degree one, so

< / |Jacx1:"|dvg
X

S 4 1\"
< ( Ol ) fdet_l(kx)dvg
n %

(SF +1 n _
=< <7SF(H") n 1) vol(X)

as det(ky) > 1 everywhere. So, if p = ér(H") = n — 1, we deduce that det(k,) = 1
everywhere and k = g, hence the equality in the equation (16) holds for every y = F(x) and
&. Since F is surjective, this shows that X has constant curvature —1. O

vol(X) = V F*dvg,
%

Proof of Proposition 4.2. Denote by 7 the projection of a point z € X to X, and set § = or;
recall that § = n — 1, but we will use this property only at the end of the proof.

Let ! = ebe™) (tpy + (1 — )1y ): we need to show that if txf — 1o and if x; — oo in
X, then 3 = Fy, () = bar[uk ] goes to infinity too.

Now, assume by contradiction that the points y; stay in a compact subset of X: so (upto a
subsequence) X, yx lift to points xg, y such that yx — yo € X and d(yo, xx) = d (Yo, Xx) =
Ry — oo.

By the cocycle relation bg (y, x) = b (y, yo) + be (yo, x) and by the density formula for
the Patterson-Sullivan measures jli—‘v’;(é) = ¢9b:(x30) e have
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(@Byy)y () = 1 / (dbg)y (v) P00 GHDP OO0 g )
N X (00)
+(1—1) / (dbg )y ()P ) di (€) (19)
X (00)

We will now estimate the two terms in (19) and show that (dBM’k )y, does not vanish for
Xk

Ry > 0, a contradiction. So, let ¢ be the endpoints of the geodesic rays yox; and let
vk = (Vbyg, )y, . Also, consider the spherical caps Vi, (yo, Ri/2) and Vi, (yo, Ry).

Let us first consider the contributions of the two integrals of the right hand side in (19) over
X N Vi, (yo, Ri/2). If & € X(00) \ Vi (yo, R /2), the projection of & over yox falls closer
to yo than to xi, hence bg (yo, x¢) < 0; moreover, |bg (yi, Yo)| < d(yk, yo) — 0, so the first
integral on X \ Vi, (o, Rx/2) for x = x, y = yr and v = vy gives:

S 2] gy |l

/ R (dbg)y, (Uk)ebE O%:30) o 3+ Dbe (0. xe) dpy,
X\ Ve, (3o, %)

for k > 0. Analogously, the second integral on X ~\ V¢, (yo, Ri/2) yields

<2vol(S" 1

/ R (dbg)),k (Uk)ebé (yk’Xk)d)“Xk
X\Vg (vo, =)

for k > 0, since |bg (yk, xx) — b (o, xx)| < d(yk, o). So, these contributions are bounded.
We now compute the contributions of the integrals over V, (yo, Rx/2) \ V¢, (yo, Ry). For all
& € Vi (yo, Ri/2) we have that (Vbg),, (Vby,)y, is close to 1, for R >> 0; moreover, as

k— 00

|(Vb5)ykvk - (Vbé‘)yo(VbCk)yo| — 0,

we deduce that (dbg )y, (vi) > % on Vg, (yo, Ri/2) for k > 0, hence these contributions are
positive.

Finally, let us compute the contributions of these integrals on the caps Vi, (yo, Ri). For
& € Vi (Yo, Ry), consider the ray yo& from yg to &, and the projection P(¢) on the geodesic
yo&x of the point £(7) := yp&(¢). We have, by (1)

bs (o, x) = 1im [d(yo, P (1)) +d(P(1),£(1))]
—[dE@®), P(1)) +d(P(1), x;)] — €0 = R — €

with € = €(7r/2). Therefore we deduce that, for k > 0, we have

. 1 _
/ (dbé)yk (Uk)ebs(yk»_vo)e(5+1)bs(yo,xk)duyo > Ze(3+l)(Rk G)Myo(V;k (o, Ry))
Ve 00-Rie))
(20)
, 1
/ (dbg)y, (v)ePe O gy, > —eFi=e) yol(sn 1. 1)
V;k(yoka)) 4

It is clear that the right-hand side of (21) goes to infinity when R > 0; we will now prove

that the right-hand side of (20) also diverges for Ry — oo. This will conclude the proof, as

it will show that dBH,k (vr) does not vanish for £ > 0 (being a convex combination of two
Xk

positively diverging terms).
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So,let D = KUC; U---UC; be a decomposition of the Dirichlet domain of I" centered at
Yo as in (2), corresponding to maximal, bounded parabolic subgroups Pi, ..., P; with fixed
points &1, ..., &. We know that ¥ belongs to some cusp of X, so x; € yC; for some y; let
then ry = bg, (yo. ¥ 'xx) < Re.

If y§; fallsin V¢, (yo, Rx) and § > 0, as Kx > —b? we can use Propositions 4.1 and 2.3
to deduce that

eCHDRE Ly (Vi (vo, Ri)) = eOFDReIRATI R " ()"

n>0

1Y

Ry p (2r)

eRk—ﬁrk
= Ap, (x0, Y0, 71)
Since Ky < —1, we know that Ap, (xo, yo, rx) =< e~ =Drk g0 we obtain
PRy, (Ve (0, Re)) oz @R 1=00m,
On the other hand, when y&; ¢ V; (yo, Ri), we have, by Propositions 4.1 and 2.3:
CHDRe (Ve (o, R) = € wp (g, 2rg) = R0,

Both lower bounds tend to 400 as k — 400, since R, — +o00 and § < n — 1; thus, the
integral in (20) diverges. This concludes the proof that the map F; is proper. m]

5 Appendix

We report here, for completeness, a proof of the estimate given in Proposition 4.1.
To prove Proposition 4.1, we will need a series of elementary lemmas, where some equalities

hold up to some constant: so we will use the symbol f g g to mean that two quantities f and
g differ of at most C. To avoid cumbersome notations, we will give the same name to these
constants in all the lemmas, meaning that they all hold for the choice of a suitable constant C
large enough. All these constants will depend on the upper bound of the sectional curvature
Ky < —1 and, possibly, on other parameters of X = I'\X which we will specify case by
case.

Recall that a parabolic group P of isometries fixing £ € X (00) is called bounded if it acts
cocompactly on X (0co) — {£} (as well as on every horosphere d H centered at §). If D(P, x)
is the Dirichlet domain of P centered at x, the sets S, = D(P, x) N d Hg (x) and the trace at
infinity Sy (00) = D(P, x) N X(o0) of D(P, x) are compact, fundamental domains for the
action of P on 0 Hz (x) and on X (00), respectively.

The following Lemmas can be found, for instance, in [34] (Lemmes 2.6, 2.7 and 2.9):

Lemma 5.1 There exists a constant C > 0 with the following property.
Letx € X and { € X(00) be fixed. Then, for any & € V:(x, R) we have:

d(x¢(R), x§(R)) = C.
Lemma 5.2 There exists a constant C > 0 with the following property.

Let x € X and ¢ € X(00) be fixed. Then:
(i) for any x’ such that d(x, x") < C we have

V;(x',R+C) C V;(x,R) C V;(x',R—C)
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(ii) for any & € V¢ (x, R + 2C) we have
Ve(x,R+C) C Ve(x,R) C Ve(x,R—-C)

provided that R > C.

Lemma5.3 Let P a bounded parabolic subgroup of X fixing &, and let Sy (00) as above.
There exists a constant C > 0(depending on the diameter of Sy ) with the following properties:
forany p € P
(i) ifd(x, px) > 2R, with R > C, then ¥ € §,(00) we have pn € Ve(x, R — C) and
C
bpy(xg, pxg) ~d(x, px) — 2R
(ii) if d(x, px) < 2R, then Vn € Sx(00) we have pn € X(00) \ Ve(x, R + C) and
bpn(va pxg) =< C

where xg = x&(R) is the point at distance R from x on the geodesic ray [x, &[.

Proof of Proposition 4.1. Let D = KUC;U- - -UC; be a decomposition of the Dirichlet domain
of I' centered at x, corresponding to the maximal, bounded parabolic subgroups Pj, ..., P; of
I" with parabolic fixed points &1, ..., §, and with C; = DN Hp,, as described in 2.1. Moreover,
let S;(00) = D N X (00) be the fundamental domains for the action of P; on X (c0) \ {&},
and let z; := x¢(¢) and x; ; := x&; (¢).

We assume that zg belongs to y H;; so, call for short § = &, P = P;, xp = X g,
S(00) = Si(00) and set r = bg (x, yflzR) hereafter.

Now, first notice that |b,(x, zg) — R| is bounded, uniformly in n € V;(x, R), since for
t > 0 we have

€
by(x,zr) = (d(x,zr) + d(zr, xn(t))) —d(xn(t),zr) = R
for € = €(5) as in (1). Thus, the density formula (12) yields
;J,X(V; (x, R)) < ef‘SFRpLZR(V; (x, R))

for some constant ¢ > 0 only depending on the upper bound of the curvature.
It is thus sufficient to show that

tzg (Ve (x, R)) = e up(x, 2r) (22)
For this, we will analyse two different cases.

Case 1: ¢ e TE.

a) Assume first y = 1,s0¢ =& and zgp = xg € Hs.
We have, by Lemma 5.3:

\Y

g (Ve R) = g D+ Y g (pS(00))
pS(oo)pél‘:/g(x,R)
3 L (pS(00)). 23)

PEP
d(x,px)>2R+C

%
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From the equivariance and the density formula (12), (13) for the family n, we get

[ (pS(00)) = / e7orbm R PR 1y (d)
S(0)

= g (S(oo))esr(ZR—d(LPX))

because by, (xg, pxr) ~ d(x, px) — 2R, by Lemma 5.3.

Now, iy, (S(00)) < e R (S(00)) < e R since X (00) = PS(00) U {£} and the mass
of iy, is not reduced to one atom, so i, (S(00)) > 0.

Therefore, from (23) we deduce that, for A large enough, we have

pxg (Ve(x, R)) = TR Z e rd.px) o TRy L 2R) (24)

PEP;
2R+C+A>d(x,px)=2R+C

as vﬁ(x, 2R) =< vp(x, 2R) by Proposition 2.3, if A > Ag. The estimate (22) follows in this
case, since { =& and zg = xg, 01 = bg(x, Zgr) = bs(x, xg) = R.

b) Assume now that { = y& for some y # 1.

We thenset§' = y& = ¢, x' = yx, Hy = yHg, x; = yx; and R' := b (x', zg).

Notice that, without loss of generality, we can assume that x’ lies at distance less than diam (K)
from the geodesic ray x&’ (actually, as P acts cocompactly on d H, we can replace y by y p
for some suitable p € P), so d(zg—g, x') and d(zR. X},) are both bounded by 2diam ().
By Lemma 5.2(i), there exists C > 0 such that

Ver(x, R) = Ver(zp—r', R) D Ver (X', R+ O)

and then (22) follows from a), by applying the inequality (24) to &', x” and R’. Actually, as
d(zgr, x}e,) is bounded, we have dux;g, /d iz, =< 1 and we get from (24)

W (Ve (o, R)) = pryr (Ve (8, R+ €)= e TR up (x/, 2R))

which gives (22), since in this case £ = ¢ and r = bg (x, y ~'zg) = bg(x',zr) = R'.

Case 2: ¢ ¢ T'E.
a) Assume first that y =1, so zg € H;.
Let C be the constant in Lemma 5.2. If § € V (x,R — 2C) we call § = R — 4C,
so that & € V¢ (x,S + 2C) and we have V;(x,S8) D Vi(x, S + C) by Lemma 5.2(ii).
Notice that we have d(zg, xs) < 5C by Lemma 5.1. Therefore, applying again (24) to &, x
and S, we get

P (Ve(x, 8)) = g (Ve (x, S+ ©)) = e Svp(x, 25) (25)

and the estimate (22) follows, since here r = bg (x, zr) ~ be (x, x5) = S.

On the other hand, if £ ¢ V. (x, R — 2C), let ¢ be the point at infinity of the geodesic
supporting ¢, x], different from ¢, and let x be the point of ]¢, x] N 0 Hg closest to ¢.
Moreover, let R := d(X, zg). Notice that zz = )EE(I?) and that, setting X = ié(ﬁ), we
have d(zg, X) < C, always by Lemma 5.1, so duz, /ditz, < 1.
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Now, we have V¢ (x, R) = X (00) \ V (%, R)and X (00) \ V¢ (x, R—2C) = Vi (%, R+20);
as& ¢ Vi (x, R—2C) we deduce that V; (x, R) D X(00) \ Ve (X, R — C) by Lemma 5.2(ii).
Hence,

en (Ve (s R)) =t (X(00) \ Ve(R, R = ©)). (26)

Similarly to case 1, we can estimate this by applying Lemma 5.3 to x and & :

> i (pS(00))
peP
PpS(00) NVg (X,R—C)=0

v

Wi <X(oo) Vi@ R— C))

=) g (pS(o0)
peP

d(x,px)<2(R-2C)

= > 1454 (S(00)) @n
peP

d(x,px)<2(R-2C)
as fxy (pS(00)) < Mig (S(00)) because, by Lemma 5.3 (i7),
bpn(Xgs PXR) = bpy(X: Xg_oc) + bpy(Xg_scs PXg_2¢) + bpn(PX3_scs PXR)
S A4CHbpy(Xp_oc PXR_pc)
<5C
ifd(x, px) < 2(R —2C). Moreover, d(zg, X ) is bounded, so we deduce that Hig (S(00)) =<
M7z (S(00)) < e~ R and that
R =be (%, %) ~ bz (¥,2r) = d(@Hg, 0He (zg)) ~ be (x, 2p) =7 ;
s0, combining (26) and (27) we obtain
tzp (Ve (x, R)) = e T Rup(2,2R) = e vp (x, 2r) (28)
(since x is at bounded distance from the orbit of x).

b) Assume now that y # 1.
Weset &' = y&,x' = yx, Hy = y Hg, xp = yxg, withd (X', [x, &[) < diam(K), and we
proceed as above, according to the cases §’ € V;(x, R —2C) or &’ ¢ Vy(x, R — 2C).

In the first case, we call § := R —4C, §' = bg/(x’, z5), s0 Ve (x, §) D Ver(x, S + C)
and we have d(zg, xg,) < 6C + 2diam(K); then, using Lemma 5.2, we deduce similarly to
(25), that

pee (Ve 9) = gy, (Ve . 8" 420)) = e up (x', 28')

which yields (22), as here r = bg (x, y ~'zg) &~ bgr (X', z5) = S'.
In the second case, we call again ¢ the point at infinity opposite to { with respect to x,
X the point of ]¢,x] N dHg closest to ¢, and we set R = d(&,zr), Xp = )ES/(R’).
So, zg = X¥{(R), d(zg.X3) < 2C and dpus, /dp., = 1. Then, we deduce as before that
Ve(x, R) D X(00) \ Ver(x, R + C) and we obtain, analogously to (28), that
1ep (Ve (x, R)) = e Rup(%,2R)

which concludes the proof as, in this case, R = by (X, Xg) R b (X', zp) =7 . ]
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